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2 K. SCHWARZSCHILD

Part 1. Two variations of the principle of least action
1. LEAST ACTION PRINCIPLE: VARIANT 1

Considerachagee locatedin avolumeelemendV moving with velocityv. According
the LORENTZ-WIECHERT force Law?, this chage will experiencea force from electric
andmagnetidields, E andB:

(1.2) F=eE+VvxB).
We now choseunitssuchthatc = 1.

Following MAXWEL L, we mayintroducethe scalarmpotentialfunction ® andthevector
potentialA with whichthefieldsE andB canbe expressedsfollows:

(1.2) E=—-0b0—A, B=0OxA,
andfor the mechanicaforce,onethengets:
(1.3) F=—0Ob—A—vx(OxA).

If onenow definesafunctionL:

(1.4) L=d-vVv-A,
andintroduceghetotal derivative, the force canbewritten in theform:
F_ dL do
T dx ' dt oy

In sofar asthis hasthe form of a Lagrangianvariation,onerecognizeghe validity of the
following statementwhich takesthefirst form of the Principleof leastAction in Electro-
dynamics:

Proposition. In any givenelectomagneticfield, a charged particle movessud that the
integral

(1.5) / dt(~T+ Y el)

betweertwo fixedtimes,giventhe start andendpoints,vanishes.

Herein thesumis undesstoodto includeall electricchargese, —T is thekineticenegy
of themassegarrying the chargese, andL is the quantity: @ — v - A, which we designate
the“electromagneticpotential’

A very simpleexpressiorfor the electromagnetipotentialcanbe obtainedby exploit-
ing the connectiorbetweerthe scalarandvectorpotentialswith the propagatiorof elec-
tromagnetiovaves. Thatis, if oneletsp(t’,r') denotethe chagedensityin thevolumedV
attimet, thenatthelocationr’ attimet’, thefollowing hold:

(1.6) o= [P0 A~ [qRLOMED,

Herer is the separatiorof the elementdv from the sourcepointr’; and,in eachcase
the valuesof the chage densityandvelocity areto be thoseobtainingat a previoustime
correspondingdo the time taken by light to traversethe separation.Using Eg. (1.6), the
electronicpotentialtakestheform:

(L.7) L= / de[l V()T ) cogy, V).

1See,in particular:E. Wiechert Electrodynamisch&lementagesetzePrude’s AnnalenBd. 4, 676-677.
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Thisexpressioragreewith thatof CLAUSIUS, exceptthatherewe usetheretardecchaige
currentandvelocity. It representshe introductionof the delayof light transmissiorinto
action-at-a-distancdt admitsa compactstatemenbdf the whole of electrodynamicsAll
of electodynamicscan be meldedwith medanicsby introducingthe term S el into the
integrand of Hamilton's Principle.

2. LEAST ACTION PRINCIPLE: VARIANT 2

While in the former variantall interactionis amongthe chage carriers,it would be
usefulfor the purposeof opticsto have a variantthat determinecklectricand magnetic
fieldsalso.L ORENTZ actuallyhasproposedust sucha principlein thefoundationsof his
formulationof electrodynamicé.In addition, HELMHOLTZ formulatedanothenersionto
extracttheHertzformulationof electrodynamicsyhichusesanovel variationalprinciple 3
Here we proposea variantthat yields MAXWELL’s equationspasedon HELMHOLTZ's
variationalprinciple.

To includeelectromagnetifieldsin Hamilton’s principle,thefollowing term:

E2—-B2
2.1) / dth( = +pL>

is putinto theintegrand.

It isunderstoodhatE, B andL areto beexpressedisingEgs.(1.2)and(1.4)with ® and
A, andthenthelastfour quantitiesareto be varied;in addition,the motion of the masses
including their chagesare alsoto be varied. This integral, as always with Hamilton’s
principle, is to be taken betweentwo fixed times, and the variation of the orbits of the
massesswell asthecomponent®f A mustvanishat thetwo fixedtimes.

Let meindicatehow thevariationproceedsThevariationof theintegral of ® gives:

B - 0P + 41pdP.
Whenthe partialintegrationsareexecutedit followsfrom theconditionthatit vanish that:

4mp-0-E=0.
Thevariationof A yieldsfor theintegrand:
A
B x DBA-l—E-% — 41V - (JA)

andtherebythe conditionalequation:
OxB—E—4mpv=0.

Theseconstitutethefirsttwo MAXWEL L equationsTheothertwo arealreadycontained
in Eq. (1.2),thatis, in the assertiorthat the six component®f the electricandmagnetic
forcescanbe derivedfrom the four quantities® andA. In fact,simply by differentiating
Eq. (1.2) onegets:

UxE=-B.

Concerningthe variationof the orbits of the masseswith their chages,thereare two
procedures;orrespondingo the LAGRANGE andEUL ER formulationsof hydrodynamics.
EitheronesetsdVp = de andfollows the individual particleswith their fixed chagesde,
whichis themethodusedabove; or oneconsiderghevariationof thechagedensityp and

2Lorentz,La Théoriede Maxwell.
3Helmholtz, Gesammeltébhandl.Bnd. 111, p. 476.
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velocity which transpiredor the whole motion at a particularplacedV. | shall proceed
alongthelatterroute,althoughit is themoreinvolved.

Thecoordinate®f amassie point particle,which attimet hasthecoordinatex, under
variationat the sametime hasthe positionx + E Likewise,the chagedensityp becomes
p + op. Correspondingo the continuityequationonehas:

8p = —0(p¥).
Thevelocity of a particularparticlechangesinderthevariationby:
dg _ o€ 2
at E + (V . D)E
In orderto getthechangen velocity atthe samelocation,onemustdeductthe amount
E-O)v.
Thus,thetotal variationof v, is:
9% .
ov = a—§+(v- )& — (§-O)v.

If thisvariationis putinto oL of Eq. (2.1),0neobtains:
0&; ov
5 |-0e)@—v-A)—pa (L4 (v-0) ) +pEA(DY)
ot X
andthis give for theforce:

0 ov
p 00— (v-A) + 2 (08)] + 3 [ avA) + AT
or, whenonetakesinto accountthatduringmotion,thefollowing equatiomaturallyholds:

thenwith someslight simplifications,onegets:

F=p[0®+A+vx (OxA)].

As this forceis to be understoodsthatexercisedon exterior chages,it canbe seento
bein accordwith Egs.(1.1)and(1.3)from thetheoryof electrodynamics.

Thus,the wholeof the Lorentz-Viechert electiodynamicscan be derivedfroma varia-
tional principle.

Part 2. Elementary electrodynamic forces
3. INTRODUCTION

Whereasn the preceedingote,the mostcompactform of Electrodynamicén a single
formulawasthe goal, in this notethe oppositetactis taken andwithout consideratiorfor
the compleity of the resultingexpressionsan explicit form for the force exercisedby a
chagedparticlein arbitrarymotionon anotherchageis sought.

For this purposepnly a smallfurther stepbeyond WIECHERT's investigationsn: “On
thelaws of electrodynamics”needbetaken.

4. Wiechert,Ann. der Phy. 4(2).
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Thetotal force,which a particlewith chage e andvelocity v experiencesn anelectric
field E andamagnetidield B is givenby the LORENTZ-WIECHERT formula:

(3.1) F=e[E+VvxB)

wherethevelocity of light is setequalto 1;i.e.,c= 1.
Theelectricandmagnetidields canbe expressedn termsof the scalampotential® and
thevectorpotentialA in theform:

(3.2) E=—-0b0—A; B=0OxA.

WIECHERT introduces(p. 682) for the potentials® and A originating from a chaiged
particlemoving with velocity v carryingchage e at the location of anotherparticle with
chage€ separatedrom e by thedistance thefollowing expressions:

1 . B v
I ) IR ey ) B

Thedistancer betweene and€ is to be understoodasthe distancethe sourcehadin the
pastcorrespondindo the time is takesfor light to traverser. Thus,the expressionin the
parentheseareto be evaluatedatthetimet =t’ — r thatmeetsthis stipulation.

Shouldone seekto calculateusing Egs. (3.1) and(3.3) the force dueto e on €, in
principleit would be necessarpnly to differentiatewith respecto the coordinategor €
afteratimet’. This, however is not simplebecauseherelative positionof € to e andthe
time of flight andvelocity are changing. This problemcanbe handledin the following
way:

Thecoordinate®f €, which areconsideredndependentvith respecto differentiation,
arex,y, Z, thecoordinate®f e atanarbitrarytime, arex(t), y(t), z(t). Therefore:

(3.4) 2= (X =x(1))*+ (Y —y®)*+ (Z - 2t))?,
andonly positionsof € for consideratiorarethosefor which:
(3.5) t=t'—r.

Whenthe earliermotion of e, asis beingconsideredis known suchthatx, y, z aregiven
functionsof t, thenthey may be taken as preconditionsfor t which canbe expressedn
termsoft’, X,y ,Z.

I now assertthe following: all functionsof X, Yy, Z,t',t areto be given an overbar
whenthey are consideredo be dependanbn thesefive variables. The overbaris to be
droppedwhenin their original form t is eliminatedusingthe conditionof Eq. (3.5) sothat
they becomefunctionsof X, y', Z,t. For the calculationampliedin Egs. (3.1) and(3.2),
naturallythe latterform is intendedthatis, without overbar

Thenfor anarbitraryfunction f, thefollowing holds:

of of ofot of of ofat
™ ox otax ot ot T ator
andfrom Eg. (3.5),o0negets:
or
(3.6) % =0, % 1ar_.
X 1+5 t 1+5

Further let uswrite d andA in theform:

(3.7) d=— _ A=xo.

r_(1+‘?{)'
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Also noteworthy, arethefollowing expressions:

) 2(72 va
L7, 1P X
2 ox 2 ox'ot ot

4. ELECTRIC FORCE

(3.8)
Theelectricforceatapointx, y', Z andtimet’ , is givenby:

Usingthe notationintroducedabove, gives:
ax

(4.1) K= 2 76(g-¢)+_ 6£+6¢6t
' X av ot a\ox " otox) |’
whichwith Egs.(3.6,3.7and3.8):

KX QX)

+6r

Q—_g éﬁ + 1+g @_a_r_@
T et \ 2 axot ot ) ox  ox ot’

which canberewritten as:

0 (= or 0 (=(/or 10472
= 5% {q’(l at }_E {CD(ﬁ-l_iax’at)}'
In sofaras _ _
1_p Lot 100 orlof?
® 20 < D2oX  ox 20xot’
it follows easilythat:
1 0P
4.2) Ex=——%37"
1+ % ox
where

1 109 11— e
4. P=Z+4—-— )
(4.3) F oot 1 1"‘&

Thatis: Electric fieldsare derivedfroma kind of potential. If dr/dt is expressedlirectly
in termsof velocity v andaccelerationg, onegets:
1—Vv?+racogra)
r(1—vcogrv)) ’
from which by differentiationby X/, it follows:
E__ ay 1-Vv?+racogra) (x’—x_v>
T r[—vecodrv)]2 T r2[l—vecogrv)]2 \ r )
From this expression,one deduceghat: an electric field engendeed by charge e at the
point(X,y',Z) compriseghreecomponents:
(1) aforcein thedirectionof theline joining thechages

(4.4) P=

eé 1—Vv24rvcoqra).

Ei=— -
1712 21 = veoqrv))2
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(2) andof aforcein thedirectionof thevelocity v of chagee
E>=—-v-Ej;
(3) and,aforcein thedirectionof theaccelerationa of chaigee:
¢ a
r2 [1-vcogrv)?

Of course,it is to be understoodhat v anda were the velocity and acceleratiorof the
chagee atthe earliermomentwhenthefieldsweretransmitted.

Es=

5. CALCULATION OF THE MAGNETIC AND MECHANICAL FORCES

Althoughit wasrathercomplicatedo calculatethe electricfield, onceit hasbeenob-
tained thecalculationof the magneticfield andmechanicaforceis easy
To begin, onefindsfor the magnetidield

_0Ac 0Ay 0 [0x 0 [ody
B = ay ox oy (6t¢> F% (6t¢
X0 dy D Ot 0 (0x=\ Ot d (dy=
=ty 6t6x’+6y’6t<6t¢> <6t¢)
Takinginto accounthe formulasjust developed hamely:
_lod_ P10 _ of ox
20X oX 20xot ox o’
a_ g ora
ot 1+%F_ ox’ ot/
aswell asthosefor the othercoordinatespneobtains:

_OF [0 At 9 [y = o (00 ot d [0X
%=l or tav (29) | oy Lo v (2]
or, in view of Eq. (4.1), theelectricforce

g, O [ g 00OT) or( _ 00orat
27 ox Yoot oyt [ oy 2ot oz ot [’

ox' ot

sothat,finally:

or or

ay o

As thedifferentialquotients gr /0x/, etc. aresimply directioncosinesf r, this final result
maybe expressedn wordsasfollows:

TheMagneticforceis perpendicularto theradiusvectorandthe electricforceandhas
themagnitude:

(5.1) B, =

B =Esin(E,r).

The mechanicaforce experiencedy chage € moving with velocity vV, accordingto
Eq. (3.1),is comprisedof an electriccomponentvith anadditionalcomponentwhich is
perpendiculato the magneticforce andv and hasthe magnitudeBv' sin(B,V'). Simple
geometricconsiderationsegardingthe relationshipbetweenE and B leadto conclusion
thatit is in theplaneof (E,r) andhasthe magnitude

EV' sin(E,r) coqV, [E,r]).
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In words this is expressedas follows: The medanical force exercised by charge e on
charge € moving with velocity V', comprisecthe electric force E that e genemtesat the
locationof €, andan auxiliary force Thisauxiliary forceis in the plane specifiedby the
directionof the electric force andtheline r joining € with e, and perpendicularto V. It
hasthe magnitude

Eu'sin(E,r),

wheee U’ is the projection of V' onto this plane (Of the two possibledirectionsfor the
auxiliary force theonein rotationalsenseof (B,r) fromu is to bechosen.

It is in principle aninterestingresultthat the elementaryforcesbetweenpoint chages
conformswith mechanicsn the sensahatit depend®n first andsecondrderderivatives
with respectto time. However, it involves quantitiesof this characterfor two different
times,namelythe velocity andacceleratiorof the sourcechaige at timesof signalgenera-
tion whereador theaffectedchageattimesof impact. Thus,theequationof motionfor a
systemof point chages,while beingsecondorderdifferentialequationsarecomplicated
by the factthatthey arealsosimultaneousljunctionaldifferentialequations.

6. ALTERNATE FORMS OF MECHANICAL FORCE

Puttingthe valuefor the magneticforce, Eq. (5.1), into the expressionfor mechanical
force,Eq. (3.1) (in which a primeindicatesthatit is to be understoodhatthe effectin on
thechage¥), andthenusesEgs. (4.2)and(4.3),givesasanexpressiorfor themechanical
force

or
Fo _1—\/coas£rv’) 0P - (V- OP).
1+ X 149

Oneintroducesiow asnew variableghecoordinate®f thepointatwhich & waslocated
asthewave departeck, asif it the whole of the interveningtime hadhadthe velocity V.
Thesearethengivenby

!

=X =W
U:)/_ yr;
3=7-—

<L
| 3

v,

4l

wherer = /(x—X)2+ (y—Y)2+ (z— Z)2. Thus,for anarbitraryfunction f (x',y,Z) :

of of or

&—a—x—a—xl(V'th)

(wherel, is thegradientwith respectoy,y,3)
v-0Of = (1—VcodrV) (v-Of).
Appliedto F, thesegive:

1-Vcodqrv) oP

6.1) Px=— 1—vcogrv) or’

accordingo whichthecompletemethanicalforce afterremaal of a certainfactor, canbe
obtainedby differentiationof a potentialP with respecto thenew variables(r, 9, 3).
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7. CASE |: TWO IDENTICAL CHARGES IN EQUAL PARALLEL MOTION

In view of Eq. (6.1),whenv =V, then:
oP
a
Obviously, in this caseforce canbederivedfrom apotential.If we let thevelocitiesof the
two chagesbe parallelto the x axis,thenthe potential,accordingto Eq. (4.4),would be:
1-v2
= V(X —x)

FX:_

Introducingthevariables, 5, 3, in placeof Xy, Z giveswith asimplecalculation:
1-V?

V=02 H [0 -2+ G-2(1-V?)

Thus,onegetsfamiliar resultsfor theforce betweertwo comoving chages.

8. CASE ||: FORCE OF UNIFORMLY MOVING CHARGE ON A FREE CHARGE

If theacceleratiora of the sourcechagee vanishesthe potentialbecomes

1
Cr—v-(r'=r)
andit follows from 82 thattheforceis:
1—\2
Ex= T[T~ voodrv)2 vcos(rv)]z[X’ X — Vyr].
Let:
E=xX —X—w;
n=y-y—wr;
(=7 —z—v;
2= (x=X)?+(y—¥)?+ (z—2)%
2 52+n +12

thené&,n, arethecoordinateof € relatlve to the simultaneoupositionof e, p is thereal
separatiorof the chages,both valid at the momentof impactof thewave on €. If one
eliminates<,y,Z with thehelpof €,n,{, onegets:

1-2 g
[1—v2siP(vp)]3/2 p?’
Thatis: The electric force is directedtoward the simultaneous position of the souice
charge andhasthe magnitude:

X =

1 1-v2
- p? [1—V2sir(vp)]¥/2
To find the auxiliary mechanicaforce, note that, the triangle formedby e and € at the

momentof impactof thewave andthe positionof the sourcee atthe momentof thelaunch
of thewave hasthe sidesr, p andr - v sothat

rsin(r,p) = rsin(r,E) = r - vsin(v,p),
or
sin(r,E) = vsin(v,p).
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With this and 83, it follows that the auxiliary force lies in the planedefinedby the lines
joining e,€ andv of e, perpendiculato thevelocity V' of € with the magnitude:

1-V2
[1—Vv2sir?(vp)]
This resultremindsone of GRASSMANN's Law of the olderform of electrodynamicsso
thatonecanin factexpresshisresultin wordsso:
The medanical force exercisedby uniformly moving charge on a free charge, can be

obtainedfrom the sumof CouLomB’s Law and GRASSMANN’s Law multiplied by the
correctionfactor:

vV
oFRes sin(v,p) cogV[p, V).

1-V2
[1—v2sir?(vp)[3/2
whee v is the velocityof the source charge, and p is thedisplacemenbetweerthem®
It mustbe noted, however, that althoughthis resultappliesto the motion of individ-

ual chages,for currentin closedcircuits, curvaturecausesaccelerationshat cannot be
ignored.Thus,onemaynotinfer thatthe correctionfactorcanbe usedfor closedcircuits.

9. CAsE |ll: FIELDS AT A GREAT DISTANCE FROM THEIR SOURCE

ThepotentialP from which theforcein 82 wasderived,accordingto Eq. (4.4), hasthe
magnitude:

b 1-v2 N acogra)
r(1—vcogrv)) 1-—vcogrv)’
For sufficiently largedistancedrom the sourcechage,evenwhena doesnot zero, thefirst
termvanishessothat

_acogra)
~ 1—vcogrv)’
In sofarasthisthendepend®n thedirectionbut notthesizeof r, it followsthat:

oP
o
thatis, at large distancedromthe souice charge the electric forceis perpendicularto the
radiusvector Further, from 83, it is seenthatat large distanceghe magneticforce equals
theelectricforce andis perpendicularto boththeelectricforceandtheradiusvector
Thus,at large distancedromthesouice, (exceptfor vanishingacceleation), conditions
prevail that are familiar fromthetheoryof light waves.
Whenthevelocityvis smallcomparedo thespeedf light, thento goodapproximation
themagnitudeof the electricandmagneticforcesequals:

0,

E_B— asw;(ar) ‘

From this one sees,as alreadyoften implied, that from the intensity of light generated

by anoscillatingchage, dependshot on the sources amplitudeor velocity, ratheron its
acceleration.

Sin The Encyclopediaof the MathematicalSciences\ol V, p. 12 by ReIF and SOMMERFELD, the latter
emphasizetherelationshipbetweerelectronictheoryandthe older CLAuUSIUSianPotentialLaw aswell aswith
GRASSMANN’ sLaw. Thisrelationshigis confirmedandelaboratedy §1 of the preceedingaperand§3 and§6
of this paper
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Part 3. Electron motion
10. INTRODUCTION

ABRAHAM’stheoryof amasslesgyurelytranslatingelectronhasbeenverifiedto anas-
toundingdegreeby KAUFMANN.® On the otherhand,experimentsthusfar have revealed
no indicationthat an electronexhibits rotation. This, however, seemsabsurd.lt is unbe-
lievablethat electronsdepartinga cathodewith enormousspeednever rotate. Thus,the
situationmustbe, thatwhatever effect rotationhas,it is not evidentin termsof its visible
motion. The questionthen: is it possibleto usethis, negative, fact in the LORENTZ-
WiEeCHERT formulationof electrodynamicef masslesglectrons?Thefirstimpressionis
doubtful. In the two simplestcasespf rotationwithout translationandrotationaboutthe
directionof motion, which weretreatedin ABRAHAM’S work, the effect of rotationwas
small. As soon,however, astherotationaxiswasatanangleto thedirectionof motion,as
ABRAHAM implied, it seemghatevenwithout externalforces,suchanelectronno longer
movesin a straightline, but executescomplex maneuers. This is a matterthat mustbe
settledbeforethe notion of a masslesglectroncanbe consideredslogically established.

If one now baseshis consideration®n a variational principle, asin the preceeding
articles, it turns out that both ABRAHAM'’S resultscan be obtainedrelatively easily and
in addition, extendedto the caseof arbitrary motion and arbitrary rotation, which leads
to a full theoreticaltreatmentof the questionposedabove. Naturally the assumptiorof
smallacceleration®r “quasistationary’motionis to be maintained.This implies, aswill
be shavn, thatrotationis restrictedsuchthatthe velocity of the surfaceof anelectronis
substantiallybelow thatof light.

The following study hasits own intrinsic interest,in sofar asit revealsthe structure
of variationalprinciplesas muchasit concernghe motion of electrons. It will shown,
that the motion of an electronfollows from very generalconsiderationgrom variational
techniquesn whichfunctionsof all ordersof differentialquotientsof thecoordinatesrise.
In the specialcaseof quasistatianotion, the variationalprinciple effectively becomesa
minimalizationprinciple,to be distinguishedrom HAMILTON’s Principleonly in thatthe
potentialdependsiot only on velocity, but alsoacceleratiorandin thatfor thelimits both
the coordinatesandvelocitiesare to be held constant. That is, one hasto do herewith
an example of KONIGSBURGER's extendedmechanics. By restrictionto ABRAHAM'S
“selectedmotion; theaccelerationslisappeafrom the potentialandonearrivesatavery
closeanalogto cornventionalmechanics.

11. ELECTRON MOTION AND RETARDED POTENTIALS

Let p be the chage densityin a spacialinfinitesimal volume dV, for which v is the
velocity. Also, let thevelocity of light c = 1, eventhoughit shouldbe visible in formulas
to make units obviously correct. Onenow definesthe retardedootentials® andA via the
integrals

dv dv
(11.1) ot = [ Tlplg At = [ Tl
where r is the distanceof dV from point of interestx®. The subscriptt —r/c meansthat

in eachvolumeelemendV, thatvalueof p or pv is to beusedthatcorrespondso thattime
preceeding to accountor thetime-of-flight of thesignalsfrom sourceto pointof interest.

6Kaufmann,Ann. derPhys.10 105(March1903);Gott. Nach. 5 (3).
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We now examinethe specialcasefor which the following holds: We considera single
electronin space,comprisedof a sphereof radiusR within which chage is uniformly
distributed. Outsidethe electronthe chage densityis consideredo be null everywhere.
Thecoordinategndvelocity of the centerof thespherearea andu respectiely, its axisof
rotationis takento beaboutthevectorp. Further onetakes:

X=a+& y=ay+n z=a+(
whereZ, i.e., &,n, ¢, arerelative coordinatesith origin atthe centerof the sphere.Thus,
thevelocity of anarbitrarypoint of theelectronare’
V=U+pPxE.

It is taken that the motion of the electronis analytic; thatis, thatthe coordinatesf the
center the rotationalvelocity for eachvalueof t andsmallenoughvaluesof t’ —t all can
be expressedsin termsof a corvergentseries:

a(t) =ai(t)+ui(t)(t’—t)+uf(t';7!t)2+...,
t'-v?
2!

(11.2) pi(t) = pi(t) + pi(t' —t) + pf’

wherei = x,y,z

Undertheseconditions,it is possibleto expandboth @ andA for anarbitrarytimet as
power seriesof ul,u’, pf, p/’, etc. Thisis mostclearly achieved by developingthefirst few
termsof theaccelerationy; andp;, especiallyaswe shallneedthemeventuallyin ary case.

To simplify thenotation,letx,y,z=x;; i = X,y,zandg,n,{ = ;, andlet summationde
understoodsoveri sothatthedependencef afunctiononall threedimensionss implied
evenwhenonly oneis written.

Beginningwith the calculationof @, considetthatin eachinfinitesimalvolumeelement
thereis achagedensityp attimet —r (for c= 1), whichis a functionof

Gi=x—a(t—r),
suchthatit is constanfor ¥ &2 < R? andzerootherwise Thefull expressiorof @ is

dxdydz
D(x, 1) /, dy p[x —ai(t—r)].

N

It is now advantageouso introducetherelative coordinatesg;. Usingthe Jacobiarof the
transformatiorfrom x; to &; gives:

whereN = r — (x%—x) -u(t —r). It remaingto determineN, for which, it will turnout,that
thisis exactly the pointwherethe analyticity of the motionplaysacritical role. From:

P=0C-x)P =Y x-&-at-n

with the power seriesexpansiorof a, onegets:

+...7

2
r3

019 =3 [0-E-aOruOr - dO 5 WO+

Mranslators note: KS did notuseGi BBSianvectornotationasemplg/ed hereinfor convenience.
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Fromthis, generallytranscendentakquationone canobtaina seriesexpressionin uj,u’,
etc.,for r in termsof &.

Onecanobtainafirst approximatiorof r by ignoringu/, u’. Thefundamentakquation
for r thenbecomes quadratidor which the positive solutionis

(11.4) r1—u?) =k+I,
where
U=y U,
=x’ —a(t)
) k= /a-B 5 E-g)2+12
=y u(E-&).

The Eio arerelative coordinate®f the sub-chage at the point of interest,(Aufpunkt), with
respecto the centerof chageof theelectronattimet. Therootk is alwaysto betakenas
anabsolutevalue.

Putt theseapproximationsnto the elementswith u in the basicequationone obtains
with respecto the first power of ul the secondorderapproximationwhich is wherewe
shallcease:

_r_ 7
(11.6) r:r—ﬂzuiui—j‘Z(E
Thus,thewholedenominatoN:

N = - FE+am -G-at-nut-n)
D Y T T LS T SRS

2
from whichwith theapproximation€qgs.(11.4)and(11.6)to the specifieddegree,gives:
K2—12 <0 2k? +3Kk2l — 18 ,
(117) N—k+m-2ui(5i —E.)+m2ului.

The developmentof A; proceedsn ananalogousnanner Oneneedsonly to introduce
in theintegrandthefactor:

r2
Vx(t = 1) = U+ Pyl = Pan) = 1+ PUZ — pan] + U+ pyg — pn] -+

Let: dednd
gi(t,XO):/ E nNZpEI’
thenwe maywrite:
/ |
A = ud+ pygz—ngy—i2 [ oanazp [1+ R]
Pz 1
— P [oganatet+ % [aganacon
g K | +K
(11.8) py /azaazz(+)— Pz /azaaZn(+).

In view of reqwrementsﬁor developmentgo follow, in this equationl includetheterms
with p!’, etc.
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It is obvioushow this developmentstartingfrom the fundamentakquation Eq. (11.3),
canbe carriedfurther. The corvergencessuefor theresultingseriescanbe resohedwith
the methodof majorants.The corvergenceevidentially will dependwvhetherthe potential
of anelectronis to be evaluatedat a nearor far point, x°. The furtherthis pointis distant,
theearlierthe positionsof theelectronthatcomeinto considerationomustbe,andthelarger
the time spanst —t' In Eg. (11.2) mustbe. Thus, the methodof majorantsgives the
following corvergencetheorem:

Theseriesexpansiomof thecoorinatesof the centerof charge andtherotationalveloc-
ities of an electon asa seriesin (t —t') will corverge for intervalssatisfying(t —t') < T.
The expansionof the retadded potential for timet at point x°, will corverge whenx? is
insidea sphee centeedat the centerof theelecton (at timet) of radius

r <VTKk,

whekek is a finite factor whenthe election’s velocityis lessthanthat of light.
Moreover,whenT > R/(kV), i.e., T is greateithana particularfinite factorof thetime,
thenthe seriesnsidethe electronalsocorverge.
The expansions€Egs. (11.7)and(11.8)for ® andA andthis corvergencetheoremare
neededelow.

12. A VARIATIONAL PRINCIPLE

Thevariationalprinciple consideredbove canbe expressedisfollows. Oneconsiders
the quantity:

(12.1) 2J:/de[—CD+v-A],

wherethe integrationis over all space.Here® andA arethe retardedvaluescalculated
from Eg. (11.1). Let F be an external force operatingon the chage. One considers
now, in additionto the actualmotion of the chagesbetweerthe timesty andty, a virtual
displacemenatx of dx attimet. Theresultingalterationsof p andpv, aredenotedby &p
andd(pv). Onethenhas

t1
/to /dV[—5p @+ 3(pvi)A + Y Fidx] =0,

wherethedx; vanishatthetimety andt;. Werethisrestrictionto belifted, thentheintegral
would not vanish,but insteadequal

(12.2) / dVpx- AL,

The peculiarity of this variationalprinciple is, that the fields specifiedby ® andA are
not to be varied, but consideredfrozen?” Thus, for our purposesthis principle is not
appropriatepecausdor the motion of an electron,thesefieldsthemselesdependon the
this motion. Thatis, werewe to put retardedpotentialsin the expressionEq. (11.1)for
J, we would geta function of the electrons velocity in which thesevelocitiesmay not be
variedeverywhere Thatis, thevariationwould beincomplete.

This difficulty canbe handledin the mostdirectway by simply, contraryto the above
condition,doingatotal variationon J in orderto achieve auniversalvariation. This results
in anew variationalprinciplewhosecharacteristicareappropriatdor our purposes.
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Let the anticipatorydisplacementsf the motion of the chagesthatengende® andA
atthepositionx be denoted® anddA. Then,for atotal variationof J, onehas

6/2Jdt - /dt/dV[—apqn — pSD + (5pv) - A+ pv-BAL.

This variationcanbe reformulatedasfollows. The retardedpotentialsobviously satisfy
theequations:
PO _ A0+ 4T,

2
28 = AA+4mpv.

Fromthisit follows:
2% = ABD + 4T,
PN = ABA +4T(pv).
RestrictingthevolumeV of theintegrationto theinterior of asurfaceswhichis chosen
soasto containall the chages,andletting the normalto s be n, thena directapplication

of GREEN’s formulagives:

t t
5[ 23dt = / "t / AV[—28p® + 25(pv - A)]
to

fo

t dv [, 025 %D 0%5A 9%A
+/to dt/— [qn—atz ~50° 2 - A S0 (3A)- atz]
4V [, 0P _ 050 oA O%A
+/to dt/ [5@- a5 —A-W].

Concerninghefirst integral, we know from Eq. (12.1)and(12.2)thatit hasthevalue
t ty
2 [/ dVpA - dx] —2 [ "dtaA,
to to

wherewe usethe abbreviation: 6A = [dVF-dx, i.e., the work doneby externalforces.
Further introducingthe expression

00P 0P 00A 0A
200 =p——0P——A-— +(0A)- —
ot ot ot +(oA) o’
thenthe secondntegral becomes
/tl gt dVv odu
t 2T[ at )

If we now would let s — o while holdingall chagesasthey were,the surfaceintegral
would vanishsuchthat

/todt[&l+6A] [/dv(@mA 6x>]

Neverthelessthis variation principle doesnot meetour needshereto usethe series
expressionglevelopedabove for ® and A, astheseseriescorverge only in a restricted
region. Thus, herel shall chosea finite surfacefor the volume containingthe electron—
further, asherel returnfrom the generalcaseto consideringonly a single electron—a
spherecenteredn thechagewith arbitraryradius.

It will beusefulfrom now onto denotethepointfromwhich @ andA dependandwhich
arecoveredby the integrationsindicatedabove overV ands, by x° asusedabove, which

5]

to
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in turn canbe madeevidentwith the notation:dV°® andds®. Further if oneintroducesthe

relative coordinate®f the passie point with respecto the centerof theelectron,i.e.,
T=x0_g0

anddenotedifferentiationwith respecto time while holdingg fixedwith d/dt, then

0 0o o0 d 0

12. = = _ .=

(12:3) 00 pQ at dat - ax0

ObservinghatV? in therelative coordinatess invariant,leadsto

/tl dVO 98U _[ ave 1" / u
= ——updU
t

2m ot
whereuy, is to beunderstoo@sthe projectionof theveIOC|ty of theelectrononthenormal
ds”.

Finally, by usingtheabbreviation

9., ,0_2
on ' "ot do’
oneobtainsthefollowing form for the variationalprinciple:
Lt (3 + 8R) = [BY]L: + /i dtdW.
o 250 aA 95A
(12.5) =L /ds [5¢% —p_ ] SA-OA L AL DA
6Y:de°pA-6x—§deV0 [5¢i§_¢0§7¢_5A-%+A-0§% .

(12.4)

The infinitesimalwork elementdR which is dueto externalforces,for anindividual
electronhasthevalue:

OR=S-da+D-dw,
whereS andD are externaltranslationand rotationforces,and da and d®, infinitesimal
translationsaandrotations.
Werewe to wish to considerelectronswith mass—uwhichis explicitly notourintention

here—therit would be necessaryo addthetermd [ dmv?/2 to theintegral on theleft of
thefirst of Egs.(12.5).

13. GENERAL REMARKS ON ANALYTICAL VARIATIONAL PRINCIPLES

Reflectingthe variational principle just developedexpressedusing the seriesdevel-
opedin P 2 for @ and A, revealsthe following characteristics:J is a seriesexpansion
inu’,u”,p’,p", etc.,for whichthe coeficientsdependn u andp. Thequantitatew and
oV thentake theform:

OW =203a-R+03®-C+0du-R1+3p-C1+du'-Ry+8p -Co+---,
OY =%a-P+3®-Q+0u-P1+0p-Q1+0u -Py+0p"-Qa+---,

whereR, C,P,Q,R1, Py, etc. areall alsoseriesexpansionsn u’,p’ etc.

If now the surfaces is shrunkdown to the surfaceof the electron thenthe corvergence
theoremfrom §2, assuresis of the corvergenceof the quantities], R, P etc. whenfor the
m-th derivative of u andp thefollowing holds:

Y.

(13.2) um < ﬁ’ p( m < % (T _1R yﬂmte)

(13.1)
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In orderfor thewhole seriesEq. (13.1),for 8W anddY alsocorverge,it is necessary
thatthevariedtrajectoriesalsohave thesameanalyticpropertiesj.e. whichrequires:
oum y - op™

% T o < Tm (Y finite),
if we make thetrajectorydependanbn a parameten, andtheneffect the variationof the
trajectoryby varyinga.

Regardlesof how generalandunconstrainethe variationalprinciple Eq. (12.5)might
be, assoonas seriesexpansionsn termsof u’, p’andtheir variationsare used,only an-
alytic trajectorieswith the limitations expressedyy Egs. (13.2) and(13.3) are available.
Thus, one can not extract the usualdifferential equationsof a variationalprocedurepe-
causehe valuesof thevariablesa,u,u’ etc.,for the beginningtime alreadydeterminethe
developmentbf the motion anda cleandifferentiationbetweerthe beginning, endingand
interveningvaluesis not possible.Neverthelessthe differentialequationghatonewould
obtainby the usualvariationalprinciple pertainin spiteof therestrictionto analytictrajec-
tories.

Oneobtainsfrom Egs.(12.1)and(12.2)via displacemenbf upperlimit of integration,

tl:

(13.3)

(13.4) 0J = +O0R=0W+ %
Furthermore:
dody dP dPy , (dP2
6\/\/4‘?—6 (dt+R)+6u'<T+P+Rl>+6U'<T+P2+RZ)
(13.5)
L (d do d
+60- (d—?+0) Q ‘Q+dp- (%+Cl>+6p"(%+Ql+c2>

At themomentt;, all variationsda, du, du’, - - - 8, 0p, dp’ ... canbe,within certainbound-
ariesdeterminedby corvergenceconsiderationsarbitrary Only the quantity dd/dt is
fixed by this procedure.Consideringfor the momentd% asa function of time, onemay
decompos@nelementaryotationasa composition:

dda ~
from which the soughtexpressiorfor dow/dt in termsof 6@ anddp, is:

d6m

Putting this into Egs. (13.4) and (13.5), collecting termsfor da, du, 5%, dp, etc. and
settingthe coeficientsequalto zero,yields:

S:A-l—‘(’,—'f D= c+ —pxQ
(13.6) =R+&+P  F=c+F+Q
Y =R+ 4Py 5’;, C+ df +Q1

By repeatedlifferentiationonegets:

d (8 d?
s P=8-Ri-4(Z-Re)+ & (H-Re)-+
’ d
Q=§F-Ci- d_(a_p’ Cz +dt2(ap" C3)
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Imaginingthat thesefunctionsof velocity andtheir derivativesto be computed thenthe
first of Egs.(13.6)givenandwould be:

(13.8) ®PirR=s ©icirpxQ=D.

ThevectorsP andQ aregeneralizedinearandrotationalmomentum.
Egs. (13.7)and(13.8) correspondasis easyto verify, with therestraintsderivedfrom
theusualvariationalformulations.

14. THE TRANSFORMATION TO QUASISTATIONARY MOTION

In sofaraswe seekto treattheretardedhotentialsasseriesexpansionsye mustrestrict
our attentionto treatingmotionsfor which the expansionsasa function of time corverge
for time spansof the order of that neededfor light to traversethe electron. In view of
this factwe shall hereafterspecializeour considerationso motionsfor which only a few
termsin a Taylor seriesprovide a good approximation,.e., thosewhich canbe denoted
‘quasistationary

From Eq. (13.8) one canalways calculatethe forcesS and D, to which the electron
mustbe subjectedn orderthatthethird derivativesof the coordinatevanishor atleastare
very small. That, however, is not the interestingproblem. Ratherwe would like to know
which quasistationarynotions, if ary, an electroncan executewhen essentiallyfree or
subjectto relatively smallexternalforces. To attackthis problemwithout excessie effort,
a certainamountof handwaving is unavoidable.To begin, | have allowedarbitrarily large
translationandrotationvelocities(exceptthat the translationvelocity mustremainunder
thespeedof light) but consideredccelerationsu’ andp’, for which only thethefirst term
is finite, i.e., u” = 0 andp” = 0, or at leastnearlyso. It turnsout thatsuchmotionsare
possibleonly with relatively largeexternalforces.For the caseof smallexternalforces the
translationvelocity may be large, but rotationalvelocity mustbe constrainedthe velocity
of the surfaceof the electronmustremainlow. All this leadsto the following situation.
Either, onengglectsthe third power of the rotationalvelocity, whereuporit is permissable
toincludeonly p’, asin the beginning,andto neglectp” sothattheoriginal expansionsre
sufficient, which, however, resultsin a lossof the mostinterestingmanifestationsf elec-
tron motion. Or, on the otherhand,oneincludesthethird power, which impliesincluding
p” sotheoriginal expansionamustbe extended.In sum,therefore we seethatfor free or
smallexternalforces,electronssubjectto quasistationarynotion have rotationalvelocities
for which the variousquantitieswhoselinear contribution to the surfaceof the electron,
which hereshallbe denotedwith ¢, areto takenasindicatedin Tablel.:

| Quantity [ Order[ Quantity | Order|

etc.

Basedon this preparatoryresearchwe now suggesthe following approach.In Eq.
(13.8) we drop all quantitiesof order &*, as specifiedabove. It will turn out that this

u (‘j('—?) €3 p: (%‘)
u” (u;;l;z) et p/: (p;gz)
(" (PR
U - <uY§3 €5 P’ (pY3 )
TABLE 1
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equationthenwill be satisfiedby a motionin which the velocitiesandtheir derivativesin
facthave the soughtorderof magnitude Fromthisit follows thatthis motionfor alimited
timeinterval mustin factcloselyapproximatehemotionof anelectronandwhichwill do
sobetter the smallerthevalueof g, thelowertherotationalvelocity of the electron.

After the precisionto degreee® is establishedor Eq. (13.7), considerableimplifica-
tions result. The first differentiationof al termsof degrees® with u,p,u’,p’ etc. aftera
time give quantitiesof at leastordere? , sinceeachterm containsfactorsof u’ or p’ or
higherandeachsubsequentifferentiationraisesthe orderby at leasta factorof €. Thus,
the soughtprecisionfor the momentais givenby

P=®_R, -4 (W Ry),
_ d aJ
Q= op 1l G (a_pl -C
Further it is easyto seethatto specifyJ adequatelyit is necessarynly to retainterms

linearin u andp, andfor the accelerationsermsin u’ andp’. Below we shallin fact
calculate] to this extent;first we examinethetermsR, C resultingfrom the variationdW.

(14.1)

15. PROOF THAT OW VANISHES FOR QUASISTATIONARY MOTION
Eq. (12.5)for dW is:

000 0A 00A
o= [0 [5“’—‘% —OAF AT

andperEg. (13.1)is also:
OW =d8a-R+3®0-C+du-Ry+3p-C1+0U" -Ra+8p' -Co+---,

To begin, considerthe surfaces over which theintegral 3W is evaluated andwhich, as
describedabove, is a sphereof a particlarradiuscenterecdn the electron.In theargument
thusfar, nothingwould bechangedverewe to considerin steadof s, aparallel,advancing
surface.In factwe wish to considersucha surface to be denotedy s, which enclosedhe
volumeV andfor which all associatedjuantitieswill likewisebegivenanover-bar

Consideringheintegral of 8V, we seethatGreenstheoremasusedin §3,implies:

(15.1) aw + LY _ a4 LF

i.e.,thatdW + ddY/dt is independenof s.
As Eq. (13.5)this expressionwasexpandedn termsof expressiondik e:
dpP dQ2

R:
w TR g TG

etc.—thatthenenteredinto the equationof motion. Eachfactorseparatelys a seriesin
u',p’ etc. underthecondition,thatthe surfaces andvolumeV, over which 3W anddV are
to beintegratedarewithin thecorvergencedomainof thetheretardedotentials.Let such
anexpansiornbeindicatedby theequation:

dP
(15.2) a—i—R=Go-}-ZGl,iU{-}-ZGZ,ip;—FZzas.i,jUfplj 4o

whereeachexpansioncoeficienta is actuallyanintegraloversorV.

Now, asthewhole expressiordW + ddY /dt is independenof thechoiceof s, thesame
is truefor eachindividualfactorof eachvariationandeachterma in theexpansiorof these
factors. This is true clearly for all surfacess thatarein the domainof corvergence;but,
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asu’,p’ canbe chosenarbitrarily small, the corvergencedomainwill be thenarbitrarily
large,leadingto thefollowing assertion:

If in the equationof motion(and Eq. (13.6))thetermsR, C, P, Q etc. are seriesexpan-
sionsin u’,p’ etc.,thenthe expansioncoeficientsare independenof the choiceof s. In
particular, wemaylet s — .

Of course/etting s — o« canbedoneonly afterthe seriesaredetermined.

If we wantto shawv on the basisof this developmentthat termsfrom oW vanish,we
mustestimatethe size of two quantities,from one of which the behaior of ® andA at
infinity dependsandthe othertheindividual termsfrom therotatione depend.

As for thefirst quantity notethefollowing. Let f betheradialdistancerom the center
of theelectron now, if f — oo, thenthetermsl andk from §2 alsodiverge. Thus,all terms
in the expansionEq. (11.7)alsodiverge. The termsdependingn rotationin Eq. (11.8)
for A requiresomavhatmoreanalysis.Theintegral

1
[ deandzen:

appearso divergein thezerothorder, asl andk dependbntheorderof f. Closerexamina-
tion of thequotientl/f, however, andoneseeshatatinfinity

1 B

K= a+ 7
wherea dependonly on the coordinateéo, andno longerfrom E andf3 remainsfinite.
Puttingthis into theintegral, make it vanishwhenevaluatedover a becausef symmetry
and shaws that the whole integral at infinity is of the orderor 1/f. Likewise, all terms
concerningotationin A atinfinity areonordersmallerin thefirst approximatioratinfinity
of k andl thanthatof f.

To estimatethe order of the secondquantityin termsof g, first we mustdetermineto
which order of exactitudewe mustknow thetermsR,C,R1,C;, etc. in orderto getthe
equationof motionto ordereS. Considey for instance,R1, which can be decomposed
into apart, T (R1) whichis independentf rotationandthereforedenotedhe “translation”
componentanda rotationcomponent=(R1). Thefirst part (compareEq. (tablep. x))
afteronedifferentiationwith respecto time, of ordere?, andthe secondof ordere?. Each
subsequentifferentiationraisesthe orderby at leasta factorof €. Fromthe equationsof
motionandmomentumseries Eqgs. (13.7)and(13.8), that one evaluateonly thoseterms
asgivenonthechartbelow:

| R-terms]| C-terms| order<¢" |

R C 3
R(Rl) R(Cl) 82
T (Rl) T (Cl) 80
R(R2) R(C>) €
T(R2) | T(C2) | notatall

It seemaow advantageouso expungethetermsR andC, which hasthe consequence
thatthevariationda = d® = O is insertedinto dW. In consequencehe above restrictions
canbereformulatedasfollows

| u-terms| p-terms| order|
ou op €
ou’ op’ €
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whereall translationtermsof ordere? areappendedsothat,all in all, knowledgeof W
to ordere? is needed.

Now, bothbehaior of theexpansiorof Egs. (11.7)and(11.8)of theretardedhotentials
atinfinity andsimultaneouslyheir orderwith respecto € mustbechecled. In the follow-
ing, a symbolicform will be givenfor the orderof the retainedtermsshall be used. All
termsof ordere* shallbe neglected,aswell astermsderived from a previously consider
termby afactorof 1/f or €. The purely‘translation’termsshallbe handledseparatelyand
denotedwith afactorof 1.(8) It is obvious, thatthe expansionof Egs. (11.7)and(11.8)up
to termsof ordere? arecomplete Thatis:

1 1 g €
<D=T<:+sz> A:T(:+82>+72+7+82.
r r r r

Thetermsfrom thevariationof ® andA in Egs.(11.7)and(11.8)dependingn du, dp, du’ anddp’
areeasilyfound. In view of thedeterminedrderof du, dp etc.,onegets

2 3
6¢=T<8—}+SZ> 6A:r(§+sz) o4
f f f f

Note that, for the characteiof purely translationterms,the only importantfeatureis that
they befreeof p,p’,p”, while thevariationsdp, dp’ areirrelevant.

Further:

153 POD = 125 (3 +¢),

(15:3) ABA =P (+5+62) +15 (F+¢) + &
Theintegrationsin dW arisesolely becauseneor the otherfactorof the product,either
® or 0% say is subjectedo the differentiationd/do. Thatis, following Egs. (12.3)and
(12.4):

0o 0 0 0 d 0

3= %+UE = zcos(nx.)@Jru (&Jru'ﬁ) ,
it involveseitheradifferentiationwith respecto the coordinate®f the point of interestor
with respecto time while holding the relative coordinatesf this point fixed. In view of
theexpansionf Eqgs. (11.7)and(11.8)of ® andA, oneseeghatthefirst differentiation
raisesheorderby 1/f andthesecondby atleastanorderof €.

Note that differentiationby d/do of the factorsof the product®d® leavestranslation
factorsasagaintranslationfactors. Suchfactorsare surelythosehaving the factort?, as
they canbe only the productof two translationfactors. On canthen, accordingto the
stipulationin Eq. (15.3)above, sett? = €2 (but not T = €) andtherebyget:

2

€
CD5(D= ﬁ,

g2 €8
In regardto the differentiationd/do, if onemultiplesby thefactor1/f or € all theterms,
atleastthosenot disregardecbecausef thefactore?, they getthenatleastthe power of 73
in thedenominatoandtherforevanishin theintegral ass is takento infinity.
The above stipulationson the above excludedquantitieson R and C to ordere® are
renderedsuperfluousFirstit is obviousthat C to all ordersvanishesn sofarasarotation
0w of anelectronaboutis centerchangesiothingand C - d® is to representhe variation

8The requirementranlationtermsto have attributedto theman orderof €2 doesnot applyto ® andA, but
only to dW, andwill caveredherewith thefactort.
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of rotationfrom dW. Onthe otherhand,onehasfrom the variationof ® andA thatarise
from the displacemenda andin dW deliverthetermR - da:

o0d = —da-0d; OA = —da-UA.

If onenow fixestheorderof thesevariationsasabove by consideringhe orderof da as
beingorder0, while in this caseneglectingthe superfluoudistinction of translationand
rotatior?, onegets:

Introducingthefactorsl/f or € to accountfor the differentiationsn the determination
of theintegrandsof 3W, shavs thatall termsof ordere?® alsovanishwhenthe surfaceover
which the integrationsare executedis takento infinity. This leadsto the conclusion:All
termsfromdW in the equationof motionvanishwhens — .

It might appearthatwe needto examinethe expansionof 8Y ass — . However, the
following considerationsenderthis unnecessaryT he expansioncoeficientsa comprise
somecombinationof R,C,P,Q etc.,asin Eq. (15.2),in eithera surfaceor volumeinte-
grals. If sandV arefinite, thentheintegralsarefinite. But whens — o , aswe have just
shawn, all the coeficientsin theintegral remainfinite, in factvanish.Thisimpliesthatthe
volumeintegral mustremainfinite asV — «. Whatever valuesthis integral deliversare
immaterialfor thedeterminatiorof the equationof motion.

Thus,we maylets — o for all relevanttermsandsoobtain

(15.4) R=C=R1=C1=Ry=Cy,=0.

16. CALCULATION OF THE KINETIC POTENTIAL J

The quantityJ, which we define,in analogyto ‘potential’ of corventionalmechanics,
asthe‘kinetic potential’ of anelectron hasthevalue:

2J:/dv°p(—cb+v-A),

andcanbecalculatedupto lineartermsin theaccelerations’ andp’, thatis by exploiting
the expansionsEgs. (11.7) and (11.8) of ® and A, while neglectingtermsin p”. We
emphasisagain,of concernherearethe impactpoints§ of ® andA thatareto betaken

overthevolumeof theelectronwherev =u+p x &.
This calculationcanbe simplified substantiallyby takingthetranslationvelocity to lay
onthex-axisandacceleratiorio bein thex — y plane,sothat:

Ux=U; Uy=U,=Uu,=0.

9This distinctionis superfloushecauseR in the equationof motionis not differentiatedwith respedo time,
andonly suchdifferentiationsaffect the ‘translation’terms.
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Egs. (11.7)and(11.8)take thefollowing form:

k= €=+ 1-A[M° =)+ E =57, | =u€*-¥),
<D 0+ ol g=g°+g,

CDO= d\lip’

Ol = [ 9P (20— &) +up(n— m) o= + uy L5 3€22C)
dVpgy

gy f k 3_q2 3

b= S ([0~ &) + B0 —n)gfy + uy 5524520
h=J[dVpfE,

A_

e JaVp (1+ ) - 22,
Here,for the sale of brevity, theintegral h is introduced andin ® andg the acceleration

freeparts,®° andg® areseparated.
All theseintegralshave simplesymmetryproperties For example

0

hy = /de n= / dEdndZn(E —£) ’

VE =82+ (1-1)[(n°—n)2+ (- )2
is oddin &% andn®, andevenin ¢°. Thes&symmetrycharacteristicsvill be usefulby the
determinatiorof J, where&? traversesthe electrons whole volume. The secondntegral

vanishedor ary functionthatis unevenin ary of thevariables?. In fact,onegetsjust by
symmetryfor J

2 0.0 UP 0 ol 02 o) 1Z—K
2J=(u —1)/de¢—m/de/de E—+u(r] -n 212

+ 1 / dVvOp(n°gy +2°g)) + 1} / dVvOp(2°g? +&%%) + p’ / dVvop(€°g? + n°gy).

Theintegral multiplied by ug, acceptsaanothersimplification. Thatis, by exchangingf and
£

0 12—k 0.2,02/°— K
[ aveavpmnz— /dVden -
it canbeseerthattheseconcbartvanlshesand thefirst partcanbewritten:
&u EO
/ dv°p / dvpr—2—> / dvOpdg® — / dVvOpelg?.
If onedefines:
M= [V’ K= [aVopE%’s M'=—Ky+ [ dvopee,

thenthefull expressiorfor J becomes

w-1 . P oy P uy pzU
= = =2 = - M.
J > M + > (Ky+Kz) + 5 (Kx+Kz) + 2(Kx+Ky) 20

Thetasknow is to evaluatetheintegralsM, M’ andK andthenthe potentials® andgP.
To begin, onehas

/ d&onac
VE =82+ (1-)[(n0-n)2+(°-0)7’
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an integral over a spherecenteredon the origin of the system_é. The usualmethodof
evaluatingthisintegral consistof stretchinghe x-axisby thefactorl/(1— u?), sothat®°
becomeghe usualpotentialof attractionfor a homogeneousllipsoid of rotation. In this
way oneobtains:
Tp|R2E — £9%D — (n%2+7%)D),

1|og U= wD+2=D+2D;.
The evaluationof ¢°, on the otherhand,also involvesan ellipsoid of revolution, but one
thatis nothomogeneoudyut ratheronefor whichthedensityis proportionato thedistance

from the center The methodsusedto evaluatehomogeneousllipsoidsalsoleadsdirectly
to theresult:

= TPEP[REA + %281 + (N +27)Cy]
where

Ax=E— u %_E

oD
3B,=-3D+ LD,

Cy=-D; +luu dD
Act2A —E, A=Ay
3B,+ 2B, = —3D, By =B,

Cx+4C,= —3D1, By=C.

To evaluatethe integralsM, M’ andK, only elementaryintegralsof EOoverthe spherev?
needbe carriedout. Theresultsareasfollows:

= 1612R5p2E,

18 op7 2E-2
KX_ 715“ZR w2
Ky = K, = 1 16r2R7p2 1= )E/2 1u“2)E/2
316 2p7421-(1- u)E/z
M' = 7157'[2R 7

After puttingtheseexpressionénto J anddividing throughbytheconstanfactorlGTsz/ 15,
we get:

(16.1) J= 7M+ pXCx-I- pyCy+ pZCZ PxUy UM,

where
18PRp? ( - (1-w)E/2) Ju2,
Cy= 3 1PRp? ( - (1-WE/2) /12,

(16.2) C = cz_%}gan? (—=1+ (L+U)E/2) /2,
316 1-(1-u9)E/2 1 1
M = 316r2R7p 27252(1” 312)/ , E=llogity

andfor whichthe seriesexpansmnsare.

2 64 7
-7 15T[2R

1
13
_ 164257 1 2
Cy—cz— 75TPRp (_3 %"‘5-7"‘“‘%
_ 36421742 2 4 1
M’ = 1415T[2R (13"‘%"‘%7"‘"') -2
Finally, the specialorientationof the coordinatesystemalongthe velocity andacceler
ationis abandonecth favor of anarbitraryorientation;in which casel, asit would alsoby

(16.3)
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asimplecoordinaterotation,becomes:

(P-u?G-C

[— ! . /
2 > M'(p- (u" x u).

u2 p2
(16.4) J=SM+5Cy—

17. THE ELECTRON’ S EQUATION OF MOTION

The preceedingesultsleadto the equationof motion of anelectron.Egs. (13.6,13.7)
and(13.8),in view of the vanishingof thethe quantitiesR andC, the simplificationof the
momentunto thetermsin Eq. (14.1)andthe absencef p’ in the expressiondor J, take
onthefollowing form:

__da. o_ ¥
P_au dt ou’ Q_ap’

®-s R-—pxQ+D.

Theseequationin variousrespectdeara similarity to the equationsof motion for a
solid bodyfrom ordinarymechanicsi.e.:

1.) By absencef anexternaldisplacementorce S, the linearmomentunP is fixedin
space.

2.) Equationdfor therotationalmomentumQ have the very sameform asthe general
Euler equationsgxceptthat the signsof the first two termsare exchanged.This implies
that by absencef torques,the rotationalmomentum.unlike the linear casewhich stays
fixedin spaceremainsfixed within the electron. This inversionof the electrons orbital
structureevadesthe situation,thatthe kinetic potentialdependson a rotationalvelocity p
aboutafixedaxisin spaceratheronanaxismoving with theelectron sothattheellipsoid
of momentundepend®n thetranslationdirectionanddoesnotrotatewith thebody of the
electron.

3.) Givenexternalforcesfrom a potentialU, the equationof motionthenfollows from
theminimalizationprinciple

(17.1)

6]
6/ dt(J—U)=0.
fo

In this casel] dependsiot only on velocity, asin the usualformulation,but alsoon accel-
eration,sothatbea variationboththe coordinategndthe velocitiesmustbe held constant
attheboundarie®f thetime interval.

If rotationis aboutthedirectionof translationp, = 0in Eq. (16.1)for J), orif thetrans-
lation velocity is zero(andthereforeM’ = 0), onearrivesat ABRAHAM's “extraordinary”
motionin which accelerationsreabsentfrom the potentialJ, andthe only distinctionto
ordinarymechanicss thatJ is no longera quadratidunction of velocity.

4.) As thevalueof thekinetic potentialdepend®hbviously only ontherelative positions
of thethreevectorsu,u’ andp, nothingis changedf thesethreevectorsaresubjectedo
thesamerotation. Thus,thefollowing equationholds:

uxa—J+u’xa—J+ xa—J—O
ou au P op
In turn, this equationeadsto
0J 0J
(17.2) 55+uxay+axP=/ﬂuD+ax$.

Theseequationscorrespondhe the surfacevariation of ordinary medanics,wheieas
the centerof massvariation correspond¢o

9 d a
(17.3) P—aa‘aaﬁ—/ms
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Theright sidesof theseequationagreeup to the neglectedhigh order termsto thecompo-
nentsof ABRAHAM's “quantities of motion” for the election.

18. FORCE FREE ELECTRON MOTION

Whenthe externalforcesS andD vanish,sothatthe electrons motionis constantthe
surface-and centerof massvariationsyield the intermediatentegrals of the equationof
motion,namely:

oJ dad

Pzﬁ—aw:constzB

1

0J 0J = o
%—i-ux w-i—ax B=const=¥Y.

Thenext questionis: whetherandunderwhich conditions,t is possibleto have uniform
translationsn combinationwith rotationaboutanaxisfixedin space?

Letting the translationdirectionbe alongthe x-axis, gives:
ay=ut; a—ay=u—uy=u=0.

In the surfacevariationthe termsayy andayf3; increasdinearly in time, while all other
termsremainconstantfFor uniform motion, it mustbethat

By:BZ:O, Py:PZZO.

Thedirectionof the linearforce coincideswith the directionof motion. Thus,the conse-
guence®f thesurfacevariationis exhaustedastheleft sidesareconstant.

Regardingthe centerof massvariation,,in view of the orientationchoicemadehere by
differentiationof J, onegets:

a4 _ G—&
R = au, — Py
0J C—Cx
PZ:a_uZ:_poZ Xu *

If bothareto vanish eitherpy, = 0 or py = p, = 0. Thus,we get:

Uniform translationaccompaniedy rotation of an election is possibleonly if the axis
of rotationis parallel or perpendicularto thedirectionof translation.

By variabletranslationalmotion with rotation, the extraction of exactintegralsis in-
feasibleasneglectinghigherordertermsis not physicallyjustifiable. Therefore we shall
seeksolutionsconfinedto beingnearthosefor uniform motion,to theextentthattheterms
correspondo thosein Table1, namely:

| Variable| Order]

P €
p/ 82
p// 83
u’ e

“Being near” the solutionfor uniform motion meanshere,that both uy, andu, arere-
strainedto ordere? andonly u is allowedto take arbitraryvalues.
Thiswholeinvestigatiorfrom the startwaslimited to obtainingthe equation®f motion
to anexactitudeof theordere®. Thislevel of precisionimpliesthatthe surfaceandvolume
variationscanhave anorderof €2, asdifferentiationraisesthe level by oneordet
Thepartial derivativesof J wheretermsup to ordere? have beenkept,are:
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2 2
FAR uoM) | PEoC | Byt oG 0y _
aux—ux M+26u +26u+ 2 odu’ au_o’
a _ u oM G—Cx a _ /
ay = W(M+35 ) — =5 PxPz ou = —Mpz,
a _ u oM G—Cx a _ /
B_UZ_UZ M‘Fgﬁ)— o PxPz ﬁ—‘*‘M pyu,

a _ a _ a _

ap = PCx Wy—pycy, ap, = PLz
Fromtheseexpression®negetsthe component®f the linear momentunmwith the center
of massvariationcorrectto ordere?:

2 2
M 2 +pz 0
Be= (M +§94) — 555+ B 5 — const = B,

(18.1) Ry =uy (M-i-%%—“lf) — &% p,py+ UM'p, = const = By,

u

P,=u, (M + %%—'\3) — TP+ uM'p|, = const = f,.

u

Fromthefirst of theseexpression®necanprovisionally take it, thatuy andin factu itself
remainconstanto secondrdet

For rotations,it is preferableto usethe equationf motionthemselesratherthanthe
surfacevariation. To accurag of degreee?, onegets:

ps(CX = 07

pélcy = —pxp(Cy — C),

PCz = pxpy(Cy — Cy)-
In sofarasu variesat mostto secondrder, onemaytake theC; as(essentialljtheaverage
of u) constantThus,theintegralsof theseequationgjive:

(18.2) Px=A, py=pcodnt=Xx), p;=musin(nt+Xx),
. n=A(C,—Cx)/Cy (wherex,A,pareintegrationconstnats

Puttingthetheresultingvaluesfor therotationalvelocity in thecenterof massvariation
thengives:

uoMm A20C, p2acC,
Ux — | =B« -
whichimpliesthatuy = const upto third order In addition:

M 2
Uy (M - %%—"J) = By+cos(nt+x)anyT”,

(18.3) M2
uz(M+%%—'\L’j') = B+ sin(nt 4+ x)nuE

Thecoordinatesystemcanalwaysbe chosersuchthatfy = 3, = 0; in which caseintegra-
tion of the coordinate®f the centerof massof theelectrona, are:
ax = UX'[,
A M’ 2
(18.4) ay (M+4%2) = psin(nt +x) 2,

/2
a, (M+ %%_'\S) = —ucos{nt-l-x)w.

In words,thesignificanceof Eqgs.(18.2),(18.3)and(18.4)is: A freelymoving election,
i.e., onesubjecto noexternalforces, moves,notuniformlyaccordingto theconservatiorof
inertia, ratherits centerof massmovesona cylindrical spiral sothattheelectionprecesses
aboutthe axis of the spiral sut that the spiral axis, rotational axis and velocity of the
centerof massremainin a plane
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In principle it shouldbe checled if the magnitudeof all thesequantities,taking the
rotationalvelocity to first orderasthe standardcorrespondo initial assumptionsThis is
easilydonefrom Egs. (18.2)and(18.3),andit turnsoutthatin factwe have obtainedan
approximatiorto the motion of the electronby takingthethevelocity of the surfaceof the
electronto besmallin comparisorto thespeedf light. Justhow coarsehisapproximation
is, is notto be estimatedvithout greatdifficulty, but shouldbe acceptabldor velocitiesup
toc/10o0revenc/5.

Thesizeof theelectrons spiralcanbe estimatedy consideringhe angularvelocity of
thefine motion,whichis identicalto the angularvelocity aboutthe spiral axis:

n= )\CXC‘YCZ = Au29,

1+u 12
9= % 2u2Iog -3 _ F5+ 52+T+
U U jog kU g 13—0—23“5+37+

Thefactord goesfrom 1/5to 1 asu goesfrom 0 to 1. Theinclinationof thespiralis given
by:
2T[u 21'[1
N Au
Theradiusof thecylinder onwhichthe spirallays, is:
R
p="ty

where

5u2 Suc4-2 1+u 2 3
I
g1 C-Muw 1%z logi— & — r

=7 uoM 1ru2 l+u 1
REM+55% 7 H¥logtt-+

Thefactord’ = 1/7 for u= 0, vanishegor u= 0.77cand— c asu — 1. Foru= 0.97c
it equalsl.5.
Theinclinationof the spiralbecomes:

2mp 9
T =Ry

Thisimpliesthatthe spiralis veryflat or stretchedut wheneertherotationalvelocity on
the surfaceof the electron,RA andRy, aresmallwith respecto the speedof light, which
is the casefor all conditionsconsideredherein.

If we applythis resultfor the spiralradiusto cathodeand BECQUEREL -raysfor which
0.1c < u < 0.97c, andthereforethe rotationalvelocity uR is roughly the speedof light,
still the spiral radiusis nearly equalto the electon radius. Only electionsfor which the
translationvelocityis very smallrelativeto the surfacevelocity uR, can the total motion
take on visibledimensions.

19. ELECTRON MOTION IN ELECTROMAGNETIC FIELDS. CONCLUSIONS

Considera non rotating electronsubjectto translationafforcesS. In this casefor the
linearmomentumpnehas

uoM ua [uM
P‘”(““EE)‘U%(T)’

from whichit follows, that

T dt T udul\ 2 udul\uodu\ 2 ’
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andif thex-axisis in themomentarydirectionof motion (uy = u, = 0):

45 (%) =5,

dig () =5

Thefactorson uj andu arein fact ABRAHAM'’s “longitudinal” and“transersal” mass.
The secondof theseequationss what hasbeendemonstratedyy KAUFMANN'S experi-
ments.

Whena rotatingelectronmoveswithin the ernvelopeof cathode-or BECQUEREL -rays
asusedin KAUFMANN's experimentsthey experienceboth a lateralforce anda torque.
Simpleestimaten the basisof the equationsof motion shav, however, thatunderthese
conditionselectonsexecutean ultramicroscopicspiral motion,as describedabove about
a rotationaxiswhich essentiatoincideswith thatfromEq. (19.1).

The rotationalvelocity canincreaseup to the limits of this analysisthatis, up to ap-
proximatelyc/5. Thus,thefinal conclusion:

Theresultsof the LORENTz-WIECHERT electiodynamicsof a masslessiotating elec-

tron, as paradoxical as it may seemat first glance do not conflict with any empirical
evidence

(19.1)
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