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2 K. SCHWARZSCHILD

Part 1. Two variations of the principle of least action

1. LEAST ACTION PRINCIPLE: VARIANT 1

Considerachargee locatedin avolumeelementdV moving with velocityv. According
the LORENTZ-WIECHERT force Law1, this charge will experiencea force from electric
andmagneticfields,E andB:

(1.1) F � e
�
E � v � B ���

We now choseunitssuchthatc � 1.
Following MAXWELL, wemayintroducethescalarpotentialfunctionΦ andthevector

potentialA with which thefieldsE andB canbeexpressedasfollows:

(1.2) E ��� ∇Φ � Ȧ 	 B � ∇ � A 	
andfor themechanicalforce,onethengets:

(1.3) F ��� ∇Φ � Ȧ � v � � ∇ � A �
�
If onenow definesa functionL:

(1.4) L � Φ � v � A 	
andintroducesthetotalderivative,theforcecanbewritten in theform:

Fx
��� dL

dx
� d

dt
∂L
∂vx

�
In sofar asthis hastheform of a Lagrangianvariation,onerecognizesthevalidity of the
following statement,which takesthefirst form of thePrincipleof leastAction in Electro-
dynamics:

Proposition. In any givenelectromagneticfield, a charged particle movessuch that the
integral

(1.5)



dt
� � T � ∑eL�

betweentwo fixedtimes,giventhestart andendpoints,vanishes.
Herein thesumis understoodto includeall electricchargese, � T is thekineticenergy

of themassescarrying thechargese,andL is thequantity: Φ � v � A, which wedesignate
the“electromagneticpotential.”

A very simpleexpressionfor theelectromagneticpotentialcanbeobtainedby exploit-
ing theconnectionbetweenthescalarandvectorpotentialswith thepropagationof elec-
tromagneticwaves.Thatis, if oneletsρ

�
t ��	 r ��� denotethechargedensityin thevolumedV

at time t, thenat thelocationr � at time t � , thefollowing hold:

(1.6) Φ � 

dv

ρ
�
t ��	 r ���
r

	 A � 

dv

ρ
�
t ��	 r ��� v � t ��	 r ���

r
�

Herer is the separationof the elementdv from the sourcepoint r � ; and,in eachcase
thevaluesof the chargedensityandvelocity areto be thoseobtainingat a previous time
correspondingto the time taken by light to traversethe separation.Using Eq. (1.6), the
electronicpotentialtakestheform:

(1.7) L � 

dv

ρ
�
t � 	 r �
r � 1 � v � � t � � v � t � 	 r � cos

�
v	 v� �����

1See,in particular:E. Wiechert,ElectrodynamischeElementargesetze,Drude’s Annalen,Bd. 4, 676-677.



ELECTRODYNAMICS 3

Thisexpressionagreeswith thatof CLAUSIUS, exceptthathereweusetheretardedcharge
currentandvelocity. It representsthe introductionof the delayof light transmissioninto
action-at-a-distance.It admitsa compactstatementof the wholeof electrodynamics:All
of electrodynamicscan be meldedwith mechanicsby introducingthe term ∑eL into the
integrandof Hamilton’sPrinciple.

2. LEAST ACTION PRINCIPLE: VARIANT 2

While in the former variantall interactionis amongthe charge carriers,it would be
usefulfor the purposesof opticsto have a variantthat determinedelectricandmagnetic
fieldsalso.LORENTZ actuallyhasproposedjust sucha principlein thefoundationsof his
formulationof electrodynamics.2 In addition,HELMHOLTZ formulatedanotherversionto
extracttheHertzformulationof electrodynamics,whichusesanovelvariationalprinciple.3

Herewe proposea variant that yields MAXWELL ’s equations,basedon HELMHOLTZ’s
variationalprinciple.

To includeelectromagneticfieldsin Hamilton’sprinciple,thefollowing term:

(2.1)



dVdt � E2 � B2

8π
� ρL �

is put into theintegrand.
It is understoodthatE, B andL areto beexpressedusingEqs.(1.2)and(1.4)with Φ and

A, andthenthelast four quantitiesareto bevaried;in addition,themotionof themasses
including their chargesare also to be varied. This integral, as always with Hamilton’s
principle, is to be taken betweentwo fixed times, and the variationof the orbits of the
massesaswell asthecomponentsof A mustvanishat thetwo fixedtimes.

Let meindicatehow thevariationproceeds.Thevariationof theintegral of Φ gives:

B � ∇δΦ � 4πρδΦ �
Whenthepartialintegrationsareexecuted,it followsfrom theconditionthatit vanish,that:

4πρ � ∇ � E � 0 �
Thevariationof A yieldsfor theintegrand:

B � ∇δA � E � ∂δA
∂t

� 4πρv � � δA �
andtherebytheconditionalequation:

∇ � B � Ė � 4πρv � 0 �
Theseconstitutethefirst two MAXWELL equations.Theothertwo arealreadycontained

in Eq. (1.2), that is, in theassertionthat thesix componentsof theelectricandmagnetic
forcescanbederivedfrom thefour quantitiesΦ andA. In fact,simply by differentiating
Eq. (1.2)onegets:

∇ � E ��� Ḃ �
Concerningthe variationof the orbits of the masseswith their charges,therearetwo

procedures,correspondingto theLAGRANGE andEULER formulationsof hydrodynamics.
EitheronesetsdVρ � de andfollows the individual particleswith their fixedchargesde,
which is themethodusedabove;or oneconsidersthevariationof thechargedensityρ and

2Lorentz,La ThéoriedeMaxwell.
3Helmholtz,GesammelteAbhandl.Bnd. III, p. 476.
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velocity which transpiresfor the whole motion at a particularplacedV. I shall proceed
alongthelatterroute,althoughit is themoreinvolved.

Thecoordinatesof amassivepointparticle,whichat time t hasthecoordinatesx, under
variationat thesametime hasthepositionx ���ξ. Likewise,thechargedensityρ becomes
ρ � δρ. Correspondingto thecontinuityequation,onehas:

δρ ��� ∇
�
ρ�ξ ���

Thevelocityof a particularparticlechangesunderthevariationby:

d�ξ
dt

� ∂�ξ
∂t
� �

v � ∇ ���ξ �
In orderto getthechangein velocityat thesamelocation,onemustdeducttheamount� �ξ � ∇ � v �
Thus,thetotal variationof v, is:

δv � ∂�ξ
∂t
� �

v � ∇ � �ξ � � �ξ � ∇ � v �
If this variationis put into σL of Eq. (2.1),oneobtains:

∑ � � ∇
�
ρξi � � Φ � v � A � � ρAi � ∂ξi

∂t
� �

v � ∇ � ξi � � ρξiA
� ∂v
∂xi

���
andthis give for theforce:

ρ � ∇Φ � �
v � A ��� ∂

∂t

�
ρA � � � ∑ � ∇ � vAi ��� ρA

∂v
∂xi

� 	
or, whenonetakesinto account,thatduringmotion,thefollowingequationnaturallyholds:

ρ̇ � �
∇ � v � ρ � 0 	

thenwith someslight simplifications,onegets:

F � ρ �∇Φ � Ȧ � v � � ∇ � A �����
As this forceis to beunderstoodasthatexercisedon exterior charges,it canbeseento

bein accordwith Eqs.(1.1)and(1.3) from thetheoryof electrodynamics.
Thus,thewholeof theLorentz-Wiechert electrodynamicscanbederivedfroma varia-

tional principle.

Part 2. Elementary electrodynamic forces

3. INTRODUCTION

Whereasin thepreceedingnote,themostcompactform of Electrodynamicsin a single
formulawasthegoal, in this notetheoppositetact is takenandwithout considerationfor
the complexity of the resultingexpressions,an explicit form for the forceexercisedby a
chargedparticlein arbitrarymotionon anotherchargeis sought.

For this purpose,only a small furtherstepbeyondWIECHERT’s investigationsin: “On
thelawsof electrodynamics”4 needbetaken.

4E. Wiechert,Ann.derPhy. 4(2).
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Thetotal force,which a particlewith chargee andvelocity v experiencesin anelectric
field E andamagneticfield B is givenby theLORENTZ-WIECHERT formula:

(3.1) F � e
�
E � v � B �

wherethevelocityof light is setequalto 1; i.e.,c � 1 �
Theelectricandmagneticfieldscanbeexpressedin termsof thescalarpotentialΦ and

thevectorpotentialA in theform:

(3.2) E ��� ∇Φ � Ȧ; B � ∇ � A �
WIECHERT introduces(p. 682) for the potentialsΦ and A originating from a charged
particlemoving with velocity v carryingchargee at the locationof anotherparticlewith
chargee� separatedfrom e by thedistancer thefollowing expressions:

(3.3) Φ � e � 1
r
�
1 � vcos

�
v	 r ��� � t  t !�" r

; B � e � v
r
�
1 � vcos

�
v	 r ��� � t  t !�" r

�
Thedistancer betweene ande� is to be understoodasthe distancethesourcehadin the
pastcorrespondingto the time is takesfor light to traverser. Thus,theexpressionin the
parenthesesareto beevaluatedat thetime t � t � � r thatmeetsthis stipulation.

Shouldoneseekto calculateusingEqs. (3.1) and (3.3) the force due to e on e� , in
principle it would benecessaryonly to differentiatewith respectto thecoordinatesfor e�
aftera time t � . This, however is not simplebecausetherelative positionof e� to e andthe
time of flight andvelocity arechanging. This problemcanbe handledin the following
way:

Thecoordinatesof e� , whichareconsideredindependentwith respectto differentiation,
arex��	 y��	 z� , thecoordinatesof e atanarbitrarytime,arex

�
t ��	 y � t ��	 z� t �
� Therefore:

(3.4) r2 � �
x� � x

�
t �#� 2 � �

y� � y
�
t �#� 2 � �

z� � z
�
t ��� 2 	

andonly positionsof e� for considerationarethosefor which:

(3.5) t � t � � r �
Whentheearliermotion of e, asis beingconsidered,is known suchthatx 	 y	 z aregiven
functionsof t, thenthey may be taken aspreconditionsfor t which canbe expressedin
termsof t ��	 x�$	 y��	 z� .

I now assertthe following: all functionsof x�$	 y��	 z��	 t ��	 t are to be given an overbar
whenthey areconsideredto be dependanton thesefive variables. The overbaris to be
droppedwhenin theiroriginal form t is eliminatedusingtheconditionof Eq. (3.5)sothat
they becomefunctionsof x� 	 y� 	 z� 	 t. For thecalculationsimplied in Eqs. (3.1) and(3.2),
naturallythelatterform is intended,thatis, withoutoverbar.

Thenfor anarbitraryfunction f 	 thefollowing holds:

∂ f
∂x� � ∂ f̄

∂x� � ∂ f̄
∂t

∂t
∂x� ; ∂ f

∂t
� ∂ f̄

∂t
� ∂ f̄

∂t
∂t
∂t � 	

andfrom Eq. (3.5),onegets:

(3.6)
∂t
∂x� � ∂r̄

∂x!
1 � ∂r̄

∂t

;
∂t
∂t � � 1

1 � ∂r̄
∂t

�
Further, let uswrite Φ andA in theform:

(3.7) Φ � e

r̄ % 1 � ∂r̄
∂t & ; A � ẋΦ �
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Also noteworthy, arethefollowing expressions:

(3.8)
1
2

∂r̄2

∂x� � x� � x̄
�
t � ; 1

2
∂2 � r̄2 �
∂x� ∂t

�'� ∂x̄
∂t
�

4. ELECTRIC FORCE

Theelectricforceat a pointx��	 y��	 z� andtime t � , is givenby:

F �'� ∇ � Φ � ∂A
∂t � �

Usingthenotationintroducedabove,gives:

(4.1) � Kx
� ∂t

∂t �)(* + ∂ % ∂x̄
∂t � Φ &
∂t

� 1
∂t
∂t ! � ∂Φ̄

∂x� � ∂Φ̄
∂t

∂t
∂x� �-, ./ 	

whichwith Eqs.(3.6,3.7and3.8):

Kx
�'� 1

1 � ∂r̄
∂t

Qx 	
Qx

�'� ∂
∂t
� Φ̄

2
� ∂2r̄2

∂x� ∂t
�0�1� 1 � ∂r̄

∂t
� ∂Φ̄

∂x� � ∂r̄
∂x� ∂Φ̄

∂t
	

whichcanberewrittenas:

Qx
� ∂

∂x�32 Φ̄ � 1 � ∂r̄
∂t
�)4 � ∂

∂t 2 Φ̄ � ∂r̄
∂x� � 1

2
∂2r̄2

∂x� ∂t
�546�

In sofaras
1
Φ
� r̄ � 1

2
∂2r̄2

∂t
	 � 1

Φ2

∂Φ̄
∂x� � ∂r̄

∂x� 12 ∂2r̄2

∂x� ∂t
	

it followseasilythat:

(4.2) Ex
�'� 1

1 � ∂r̄
∂t

∂P
∂x� 	

where

(4.3) P � 1
r̄
� 1

Φ̄
∂Φ̄
∂t

� 1
r̄

1 � ∂2r̄2

2∂t2

1 � ∂r̄
∂t

�
That is: Electric fieldsare derivedfroma kind of potential. If ∂r 7 ∂t is expresseddirectly
in termsof velocityv andacceleration,a, onegets:

(4.4) P � 1 � v2 � racos
�
ra�

r
�
1 � vcos

�
rv��� 	

from whichby differentiationby x� , it follows:

Ex
�'� ax

r � 1 � vcos
�
rv��� 2 � 1 � v2 � racos

�
ra�

r2 � 1 � vcos
�
rv��� 2 � x� � x

r
� vx � �

From this expression,onededucesthat: an electric field engendered by charge e at the
point

�
x��	 y�8	 z�9� comprisesthreecomponents:

(1) a forcein thedirectionof theline joining thecharges

E1
� ee�

r2 � 1 � v2 � rvcos
�
ra�

r2 � 1 � vcos
�
rv��� 2 ;
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(2) andof a forcein thedirectionof thevelocityv of chargee

E2
��� v � E1;

(3) and,a forcein thedirectionof theacceleration,a of chargee:

E3
�'� ee�

r2 � a� 1 � vcos
�
rv��� 2 �

Of course,it is to be understoodthat v anda were the velocity andaccelerationof the
chargee at theearliermomentwhenthefieldsweretransmitted.

5. CALCULATION OF THE MAGNETIC AND MECHANICAL FORCES

Although it wasrathercomplicatedto calculatetheelectricfield, onceit hasbeenob-
tained,thecalculationof themagneticfield andmechanicalforceis easy.

To begin, onefindsfor themagneticfield

Bz
� ∂Ax

∂y� � ∂Ay

∂x� � ∂
∂y� � ∂x

∂t
Φ � � ∂

∂x� � ∂y
∂t

Φ �� ∂x̄
∂t

∂Φ̄
∂y� � ∂ȳ

∂t
Φ̄
∂x� � ∂t

∂y� ∂
∂t

� ∂x̄
∂t

Φ̄ � � ∂t
∂x� ∂

∂t
� ∂ȳ

∂t
Φ̄ �

Takinginto accounttheformulasjust developed,namely:� 1
Φ̄2

∂Φ̄
∂x� � ∂r̄

∂x� 12 ∂2r̄2

∂x� ∂t
� ∂r̄

∂x� � ∂x̄
∂t
	

∂t
∂t � ��� ∂r̄

∂x!
1 � ∂r̄

∂t

��� ∂r̄
∂x� ∂t

∂t �
aswell asthosefor theothercoordinates,oneobtains:

Bz
� ∂r̄

∂x�:2 ∂Φ̄
∂y� � ∂t

∂t � ∂
∂t

� ∂ȳ
∂t

Φ̄ �-4 � ∂r̄
∂y�32 ∂Φ̄

∂x� � ∂t
∂t � ∂

∂t
� ∂x̄

∂t
Φ � �)4

or, in view of Eq. (4.1),theelectricforce

Bz
� ∂r̄

∂x�:2 � Ey
� ∂Φ̄

∂t
∂r̄
∂y� ∂t

∂t � 4 � ∂r̄
∂y�32 � Ez

� ∂Φ̄
∂t

∂r̄
∂z� ∂t

∂t � 4 	
sothat,finally:

(5.1) Bz
� ∂r̄

∂y� Ex
� ∂r̄

∂x� Ey �
As thedifferentialquotients,∂r̄ 7 ∂x� , etc.aresimply directioncosinesof r, this final result
maybeexpressedin wordsasfollows:

TheMagneticforceis perpendicularto theradiusvectorandtheelectricforceandhas
themagnitude:

B � Esin
�
E 	 r �
�

The mechanicalforceexperiencedby chargee� moving with velocity v� , accordingto
Eq. (3.1), is comprisedof anelectriccomponentwith anadditionalcomponent,which is
perpendicularto the magneticforce andv� andhasthe magnitudeBv � sin

�
B 	 v�9� . Simple

geometricconsiderationsregardingthe relationshipbetweenE andB leadto conclusion
thatit is in theplaneof

�
E 	 r � andhasthemagnitude

Ev� sin
�
E 	 r � cos

�
v� 	 �E 	 r �����
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In words this is expressedas follows: The mechanical force exercisedby charge e on
charge e� moving with velocityv� , comprisedthe electric force E that e generatesat the
locationof e� , andan auxiliary force. Thisauxiliary force is in theplanespecifiedby the
directionof the electric forceand the line r joining e� with e, andperpendicularto v� . It
hasthemagnitude

Eu� sin
�
E 	 r ��	

where u� is the projection of v� onto this plane. (Of the two possibledirectionsfor the
auxiliary force, theonein rotationalsenseof

�
B 	 r � fromu� is to bechosen.

It is in principlean interestingresultthat theelementaryforcesbetweenpoint charges
conformswith mechanicsin thesensethatit dependson first andsecondorderderivatives
with respectto time. However, it involvesquantitiesof this characterfor two different
times,namelythevelocityandaccelerationof thesourcechargeat timesof signalgenera-
tion whereasfor theaffectedchargeat timesof impact.Thus,theequationsof motionfor a
systemof point charges,while beingsecondorderdifferentialequations,arecomplicated
by thefactthatthey arealsosimultaneouslyfunctionaldifferentialequations.

6. ALTERNATE FORMS OF MECHANICAL FORCE

Puttingthevaluefor themagneticforce,Eq. (5.1), into theexpressionfor mechanical
force,Eq. (3.1) (in which a primeindicatesthatit is to beunderstoodthat theeffect in on
thechargee� ), andthenusesEqs.(4.2)and(4.3),givesasanexpressionfor themechanical
force

F �;� 1 � v� cos
�
rv� �

1 � ∂r̄
∂t

� ∂P
∂x� � ∂r̄

∂x!
1 � ∂r̄

∂t < v � � ∇P=>�
Oneintroducesnow asnew variablesthecoordinatesof thepointatwhiche� waslocated

asthewave departede, asif it the wholeof the interveningtime hadhadthevelocity v� .
Thesearethengivenby ? � x� � v�xr̄;@ � y� � v�yr̄;A � z� � v�z 	
wherer̄ �CB �

x � x� � 2 � �
y � y� � 2 � �

z � z� � 2. Thus,for anarbitraryfunction f
�
x�$	 y��	 z��� :

∂ f
∂x� � ∂ f

∂

? � ∂r̄
∂x1

�
v � ∇ D f �

(where∇ E is thegradientwith respectto

? 	 @ 	 A )
v � � ∇ f � �

1 � v� cos
�
rv� � � v � ∇ f �F�

Applied to Fx, thesegive:

(6.1) Fx
��� 1 � v� cos

�
rv���

1 � vcos
�
rv� � ∂P

∂

? 	
accordingto which thecompletemechanicalforceafter removal of a certainfactor, canbe
obtainedbydifferentiationof a potentialP with respectto thenew variables

� ? 	 @ 	 A � .
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7. CASE I : TWO IDENTICAL CHARGES IN EQUAL PARALLEL MOTION

In view of Eq. (6.1),whenv � v� , then:

Fx
��� ∂P

∂

? �
Obviously, in thiscase,forcecanbederivedfrom apotential.If we let thevelocitiesof the
two chargesbeparallelto thex axis,thenthepotential,accordingto Eq. (4.4),would be:

P � 1 � v2

r � v
�
x� � x� �

Introducingthevariables

? 	 @ 	 A , in placeof x��	 y��	 z� giveswith a simplecalculation:

P � 1 � v2B � ? � x� 2 � � � @ � y� 2 � � A � z� 2 � � 1 � v2 � �
Thus,onegetsfamiliar resultsfor theforcebetweentwo comoving charges.

8. CASE I I : FORCE OF UNIFORMLY MOVING CHARGE ON A FREE CHARGE

If theaccelerationa of thesourcechargeevanishes,thepotentialbecomes

P � 1 � v2

r � v � � r � � r �
andit follows from §2 thattheforceis:

Ex
� 1 � v2

r2 � 1 � vcos
�
rv��� 2 � x� � x � vxr ���

Let:
ξ � x� � x � vxr;
η � y� � y � vyr;
ζ � z� � z � vzr;

r2 � �
x � x�G� 2 � �

y � y� � 2 � �
z � z�H� 2;

ρ2 � ξ2 � η2 � ζ2 	
thenξ 	 η 	 ζ arethecoordinatesof e� relative to thesimultaneouspositionof e, ρ is thereal
separationof the charges,both valid at the momentof impactof the wave on e� . If one
eliminatesx��	 y��	 z� with thehelpof ξ 	 η 	 ζ, onegets:

Ex
� 1 � v2� 1 � v2sin2 � vρ ��� 3I 2 � ξ

ρ2 �
That is: The electric force is directedtoward the simultaneous position of the source
chargeandhasthemagnitude:

E � 1
ρ2 � 1 � v2� 1 � v2sin2 � vρ ��� 3I 2 �

To find the auxiliary mechanicalforce, note that, the triangleformedby e ande� at the
momentof impactof thewaveandthepositionof thesourceeat themomentof thelaunch
of thewavehasthesidesr 	 ρ andr � v sothat

r sin
�
r 	 ρ � � r sin

�
r 	 E � � r � vsin

�
v	 ρ ��	

or
sin

�
r 	 E � � vsin

�
v	 ρ �
�
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With this and§3, it follows that the auxiliary force lies in the planedefinedby the lines
joining e	 e� andv of e, perpendicularto thevelocityv� of e� with themagnitude:

1 � v2� 1 � v2sin2 � vρ ��� 3I 2 � v � v�ρ2 sin
�
v	 ρ � cos

�
v� � ρ 	 v���
�

This resultremindsoneof GRASSMANN’s Law of theolder form of electrodynamics,so
thatonecanin factexpressthis resultin wordsso:

Themechanical force exercisedby uniformly moving charge on a freecharge, can be
obtainedfrom the sumof COULOMB’s Law and GRASSMANN’s Law multiplied by the
correctionfactor:

1 � v2� 1 � v2sin2 � vρ ��� 3I 2 	
wherev is thevelocityof thesourcecharge, andρ is thedisplacementbetweenthem.5

It mustbe noted,however, that althoughthis resultappliesto the motion of individ-
ual charges,for currentin closedcircuits, curvaturecausesaccelerationsthat cannot be
ignored.Thus,onemaynot infer thatthecorrectionfactorcanbeusedfor closedcircuits.

9. CASE I I I : FIELDS AT A GREAT DISTANCE FROM THEIR SOURCE

ThepotentialP from which theforcein §2 wasderived,accordingto Eq. (4.4),hasthe
magnitude:

P � 1 � v2

r
�
1 � vcos

�
rv��� � acos

�
ra�

1 � vcos
�
rv� �

For sufficiently largedistancesfrom thesourcecharge,evenwhena doesnotzero,thefirst
termvanishes,sothat

P � acos
�
ra�

1 � vcos
�
rv� �

In sofarasthis thendependson thedirectionbut not thesizeof r, it follows that:

∂P
∂r

� 0 	
thatis, at large distancesfromthesourcecharge theelectric forceis perpendicularto the
radiusvector. Further, from§3, it is seen,thatat largedistancesthemagneticforceequals
theelectricforce, andis perpendicularto boththeelectricforceandtheradiusvector.

Thus,at largedistancesfromthesource, (exceptfor vanishingacceleration),conditions
prevail thatare familiar fromthetheoryof light waves.

Whenthevelocityv is smallcomparedto thespeedof light, thento goodapproximation
themagnitudeof theelectricandmagneticforcesequals:

E � B � asin
�
ar �

r
�

From this onesees,as alreadyoften implied, that from the intensity of light generated
by an oscillatingcharge,dependsnot on the source’s amplitudeor velocity, ratheron its
acceleration.

5In The Encyclopediaof the MathematicalSciences,Vol V, p. 12 by REIF and SOMMERFELD, the latter
emphasizestherelationshipbetweenelectronictheoryandtheolderCLAUSIUSianPotentialLaw aswell aswith
GRASSMANN’ SLaw. This relationshipis confirmedandelaboratedby §1of thepreceedingpaperand§3and§6
of thispaper.
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Part 3. Electron motion

10. INTRODUCTION

ABRAHAM ’s theoryof amassless,purelytranslatingelectronhasbeenverifiedto anas-
toundingdegreeby KAUFMANN.6 On theotherhand,experimentsthusfar have revealed
no indicationthatanelectronexhibits rotation. This, however, seemsabsurd.It is unbe-
lievablethat electronsdepartinga cathodewith enormousspeednever rotate. Thus,the
situationmustbe,thatwhatever effect rotationhas,it is not evident in termsof its visible
motion. The questionthen: is it possibleto usethis, negative, fact in the LORENTZ-
WIECHERT formulationof electrodynamicsof masslesselectrons?Thefirst impressionis
doubtful. In the two simplestcases,of rotationwithout translationandrotationaboutthe
directionof motion, which weretreatedin ABRAHAM ’s work, the effect of rotationwas
small.As soon,however, astherotationaxiswasatanangleto thedirectionof motion,as
ABRAHAM implied, it seemsthatevenwithout externalforces,suchanelectronno longer
movesin a straightline, but executescomplex maneuvers. This is a matterthatmustbe
settledbeforethenotionof a masslesselectroncanbeconsideredaslogically established.

If one now baseshis considerationson a variationalprinciple, as in the preceeding
articles,it turnsout that both ABRAHAM ’s resultscanbe obtainedrelatively easilyand
in addition,extendedto the caseof arbitrarymotion andarbitrary rotation,which leads
to a full theoreticaltreatmentof the questionposedabove. Naturally the assumptionof
smallaccelerationsor “quasistationary”motion is to bemaintained.This implies,aswill
beshown, that rotationis restrictedsuchthat thevelocity of the surfaceof anelectronis
substantiallybelow thatof light.

The following studyhasits own intrinsic interest,in so far as it revealsthe structure
of variationalprinciplesasmuchas it concernsthe motion of electrons. It will shown,
that the motion of an electronfollows from very generalconsiderationsfrom variational
techniquesin whichfunctionsof all ordersof differentialquotientsof thecoordinatesarise.
In the specialcaseof quasistaticmotion, the variationalprinciple effectively becomesa
minimalizationprinciple,to bedistinguishedfrom HAMILTON’s Principleonly in thatthe
potentialdependsnot only on velocity, but alsoaccelerationandin thatfor thelimits both
the coordinatesandvelocitiesare to be held constant.That is, onehasto do herewith
an exampleof K ÖNIGSBURGER’s extendedmechanics. By restriction to ABRAHAM ’s
“selectedmotion,” theaccelerationsdisappearfrom thepotentialandonearrivesat a very
closeanalogto conventionalmechanics.

11. ELECTRON MOTION AND RETARDED POTENTIALS

Let ρ be the charge densityin a spacialinfinitesimal volumedV, for which v is the
velocity. Also, let thevelocity of light c � 1, eventhoughit shouldbevisible in formulas
to make unitsobviously correct.Onenow definestheretardedpotentialsΦ andA via the
integrals

(11.1) Φ
�
t 	 x0 � � 


dV
r � ρ � t " r

c
	 Av

�
t 	 x0 � � 


dV
r � ρx � t " r

c
�

where,r is thedistanceof dV from point of interestx0. Thesubscriptt � r 7 c means,that
in eachvolumeelementdV, thatvalueof ρ or ρv is to beusedthatcorrespondsto thattime
preceedingt to accountfor thetime-of-flightof thesignalsfrom sourceto pointof interest.

6Kaufmann,Ann.derPhys.10 105(March1903);Gött. Nach. 5 (3).
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We now examinethespecialcasefor which thefollowing holds: We considera single
electronin space,comprisedof a sphereof radiusR within which charge is uniformly
distributed. Outsidethe electronthe charge densityis consideredto be null everywhere.
Thecoordinatesandvelocityof thecenterof thespherearea andu respectively, its axisof
rotationis takento beaboutthevectorp. Further, onetakes:

x � ax � ξ 	 y � ay � η z � az � ζ 	
where�ξ, i.e., ξ 	 η 	 ζ, arerelative coordinateswith origin at thecenterof thesphere.Thus,
thevelocityof anarbitrarypoint of theelectronare7

v � u � p �J�ξ �
It is taken that the motion of the electronis analytic; that is, that the coordinatesof the
center, therotationalvelocity for eachvalueof t andsmallenoughvaluesof t � � t all can
beexpressedasin termsof a convergentseries:

ai
�
t � � � ai

�
t ��� ui

�
t � � t � � t ��� u�i � t � � t � 2

2!
�K���#�L	

(11.2) pi
�
t � � � pi

�
t ��� p�i � t � � t ��� p� �i � t � � t � 2

2!
�K���#�L	

wherei � x 	 y	 z.
Undertheseconditions,it is possibleto expandbothΦ andA for anarbitrarytime t as

powerseriesof u�i 	 u� �i 	 p�i 	 p� �i 	 etc.This is mostclearlyachievedby developingthefirst few
termsof theaccelerationui andpi , especiallyasweshallneedthemeventuallyin any case.

To simplify thenotation,let x 	 y	 z � xi ; i � x 	 y	 zandξ 	 η 	 ζ � ξi , andlet summationsbe
understoodasover i sothatthedependenceof afunctiononall threedimensionsis implied
evenwhenonly oneis written.

Beginningwith thecalculationof Φ, considerthatin eachinfinitesimalvolumeelement
thereis a chargedensityρ at time t � r (for c � 1 ), which is a functionof

ξi
� xi

� ai
�
t � r ��	

suchthatit is constantfor ∑ξ2
i M R2 andzerootherwise.Thefull expressionof Φ is

Φ
�
x0

i 	 t � � 

dxdydzN

∑
�
x0

i
� xi � 2 ρ � xi

� ai
�
t � r �����

It is now advantageousto introducetherelativecoordinates,ξi . UsingtheJacobianof the
transformationfrom xi to ξi gives:

Φ
�
x0

i 	 t � � 

dξdηdζρ

�
ξ 	 η 	 ζ �

N
	

whereN � r � � x0 � x ��� u � t � r ��� It remainsto determineN, for which, it will turnout,that
this is exactly thepointwheretheanalyticityof themotionplaysacritical role. From:

r2 �PO � x0 � x � O 2 � ∑ � xi
� ξi

� ai
�
t � r ��� 2 	

with thepowerseriesexpansionof a, onegets:

(11.3) r2 � ∑ � x0
i
� ξi

� ai
�
0��� ui

�
t � r � u�i � t � r2

2
� u� �i � t � r3

3!
�K�#��� � 2 �

7Translator’s note: KS did not useGIBBSianvectornotationasemployedhereinfor convenience.
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Fromthis, generallytranscendental,equationonecanobtaina seriesexpressionin u�i 	 u� �i ,
etc.,for r in termsof ξ.

Onecanobtaina first approximationof r̄ by ignoringu�i 	 u� �i . Thefundamentalequation
for r̄ thenbecomesa quadraticfor which thepositivesolutionis

(11.4) r̄
�
1 � u2 � � k � l 	

where

(11.5)

u2 � ∑u2
i 	

ξ0
i
� x0

i
� ai

�
t �
	

k � N �
1 � u2 � ∑ � ξ0

i
� ξi � 2 � l2 	

l � ∑ui
�
ξ0

i
� ξi �
�

Theξ0
i arerelative coordinatesof thesub-chargeat thepoint of interest,(Aufpunkt),with

respectto thecenterof chargeof theelectronat time t. Therootk is alwaysto betakenas
anabsolutevalue.

Putt theseapproximationsinto the elementswith u�i in the basicequationoneobtains
with respectto the first power of u�i the secondorderapproximation,which is wherewe
shallcease:

(11.6) r � r̄ � r̄2

2k ∑uiu�i � r̄2

2k ∑
�
ξ0

i
� ξi � u�i �

Thus,thewholedenominatorN:

N � r � ∑ � ξ0
i � ai

�
t � � ξi

� ai
�
t � r ��� ui

�
t � r �� r � ∑ � ξ0

i
� ξi � ui

�
t � r � u�i � t � r2

2
�K�#���$� � ui

� u�ir � u� �i
2

r2 �#���8��	
from whichwith theapproximationsEqs.(11.4)and(11.6)to thespecifieddegree,gives:

(11.7) N � k � k2 � l2

2k
�
1 � u2 � � ∑u�i � ξ0

i
� ξi ��� 2k2 � 3k2l � l3

2k
�
1 � u2 � ∑uiu�i �

Thedevelopmentof Ai proceedsin ananalogousmanner. Oneneedsonly to introduce
in theintegrandthefactor:

vx
�
t � r � � ux � pyζ � pzη � r � u�x � p�yζ � p�zη �Q� r2

2 � u� �x � p� �yζ � p� �zη �Q���#�R�
Let:

gi
�
t 	 x0 � � 


dξdηdζρξi

N
	

thenwe maywrite:

Ax
� uxΦ � pygz

� pzgy
� u�x

1 � u2



∂ξ∂η∂ζρ � 1 � l

k
�� p�y

1 � u2



∂ξ∂η∂ζρζ

1
k
� pz

1 � u2



∂ξ∂η∂ζρη

1
k� p� �y

1 � u2



∂ξ∂η∂ζρζ

�
l � k � 2

2k
� p� �z

1 � u2



∂ξ∂η∂ζρη

�
l � k� 2

2k
�(11.8)

In view of requirementsfor developmentsto follow, in thisequationI includetheterms
with p� �i , etc.
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It is obvioushow this developmentstartingfrom thefundamentalequation,Eq. (11.3),
canbecarriedfurther. Theconvergenceissuefor theresultingseriescanberesolvedwith
themethodof majorants.Theconvergenceevidentially will dependwhetherthepotential
of anelectronis to beevaluatedat a nearor far point,x0. Thefurtherthis point is distant,
theearlierthepositionsof theelectronthatcomeinto considerationmustbe,andthelarger
the time spanst � t � In Eq. (11.2) must be. Thus, the methodof majorantsgives the
following convergencetheorem:

Theseriesexpansionof thecoordinatesof thecenterof chargeandtherotationalveloc-
itiesof an electron asa seriesin

�
t � t �G� will converge for intervalssatisfying

�
t � t �G� M T.

Theexpansionof the retardedpotential for time t at point x0, will converge whenx0 is
insidea spherecenteredat thecenterof theelectron (at timet) of radius

r M VTk 	
wherek is a finite factor whentheelectron’svelocityis lessthanthatof light.

Moreover, whenT S R7 � kV � , i.e.,T is greaterthanaparticularfinite factorof thetime,
thentheseriesinsidetheelectronalsoconverge.

TheexpansionsEqs. (11.7)and(11.8) for Φ andA andthis convergencetheoremare
neededbelow.

12. A VARIATIONAL PRINCIPLE

Thevariationalprincipleconsideredabovecanbeexpressedasfollows. Oneconsiders
thequantity:

(12.1) 2J � 

dVρ � � Φ � v � A ��	

wherethe integrationis over all space.HereΦ andA arethe retardedvaluescalculated
from Eq. (11.1). Let F be an external force operatingon the charge. One considers
now, in additionto theactualmotionof thechargesbetweenthe timest0 andt1, a virtual
displacementat x of δx at time t. Theresultingalterationsof ρ andρv, aredenotedby δρ
andδ

�
ρv � . Onethenhas
 t1

t0



dV � � δρ � Φ � ∑δ

�
ρvi � Ai � ∑Fiδxi � � 0 	

wheretheδxi vanishat thetime t0 andt1. Werethisrestrictionto belifted, thentheintegral
wouldnot vanish,but insteadequal

(12.2)



dVρx � A O t0t1 �
The peculiarity of this variationalprinciple is, that the fields specifiedby Φ and A are
not to be varied,but considered“frozen.” Thus, for our purposes,this principle is not
appropriate,becausefor themotionof anelectron,thesefields themselvesdependon the
this motion. That is, werewe to put retardedpotentialsin the expressionEq. (11.1) for
J, we would geta functionof theelectron’svelocity in which thesevelocitiesmaynot be
variedeverywhere.Thatis, thevariationwouldbeincomplete.

This difficulty canbehandledin themostdirectway by simply, contraryto theabove
condition,doingatotalvariationonJ in orderto achieveauniversalvariation.This results
in a new variationalprinciplewhosecharacteristicsareappropriatefor our purposes.
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Let theanticipatorydisplacementsof themotionof thechargesthatengenderΦ andA
at thepositionx bedenotedδΦ andδA. Then,for a total variationof J, onehas

δ



2Jdt � 

dt



dV � � δρΦ � ρδΦ � �
δρv �T� A � ρv � δA ���

This variationcanbe reformulatedasfollows. The retardedpotentialsobviously satisfy
theequations:

∂2Φ
δt2

�VU Φ � 4πρ 	
∂2A
δt2

�VU A � 4πρv �
Fromthis it follows:

∂2δΦ
∂t2

�VU δΦ � 4πρ 	
∂2δA
∂t2

�VU δA � 4πδ
�
ρv ���

RestrictingthevolumeV of theintegrationto theinteriorof asurfaceswhich is chosen
soasto containall thecharges,andletting thenormalto s ben, thena directapplication
of GREEN’s formulagives:

δ

 t1

t0
2Jdt � 
 t1

t0
dt



dV � � 2δρΦ � 2δ
�
ρv � A ���� 
 t1

t0
dt



dV
4π � Φ∂2δΦ

∂t2
� δΦ

∂2Φ
∂t2

� A � ∂2δA
∂t2

� � δA �W� ∂2A
∂t2 �� 
 t1

t0
dt



dV
4π � δΦ

∂Φ
∂n

� Φ
∂δΦ
∂n

� �
δA �T� ∂A

∂n
� A � ∂δA

∂n
� �

Concerningthefirst integral,we know from Eq. (12.1)and(12.2)thatit hasthevalue

2 � 
 dVρA � dx � t1

t0

� 2

 t1

t0
dtδA 	

wherewe usethe abbreviation: δA �'X dVF � dx, i.e., the work doneby externalforces.
Further, introducingtheexpression

2δU � Φ
∂δΦ
∂t

� δΦ
∂Φ
∂t

� A � ∂δA
∂t

� �
δA �T� ∂A

∂t
	

thenthesecondintegralbecomes 
 t1

t0
dt



dV
2π

∂δU
∂t

�
If we now would let s Y ∞ while holdingall chargesasthey were,thesurfaceintegral

wouldvanishsuchthat
 t1

t0
dt � δJ � δA� � � 
 dV � δU

4π
� ρA � δx � � t1

t0

�
Nevertheless,this variation principle doesnot meetour needshereto usethe series

expressionsdevelopedabove for Φ and A, as theseseriesconverge only in a restricted
region. Thus,hereI shall chosea finite surfacefor the volumecontainingtheelectron—
further, as hereI return from the generalcaseto consideringonly a single electron—a
spherecenteredon thechargewith arbitraryradius.

It will beusefulfromnow ontodenotethepointfromwhichΦ andA depend,andwhich
arecoveredby the integrationsindicatedabove overV ands, by x0 asusedabove,which
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in turn canbemadeevidentwith thenotation:dV0 andds0. Further, if oneintroducesthe
relativecoordinatesof thepassivepoint with respectto thecenterof theelectron,i.e.,�ξ � x0 � a0

anddenotesdifferentiationwith respectto timewhile holding �ξ fixedwith d 7 dt, then

(12.3)
∂

∂ξ0
0

� ∂
∂x0

0

	 ∂
∂t
� d

dt
� u0 � ∂

∂x0 �
ObservingthatV0 in therelativecoordinatesis invariant,leadsto
 t1

t0
dt



dV0

2π
∂δU
∂t

� � 
 dV0

2π
δU � t1

t0

� 
 t1

t0



ds0

2π
unδU 	

whereun is to beunderstoodastheprojectionof thevelocityof theelectrononthenormal
ds0.

Finally, by usingtheabbreviation

(12.4)
∂

∂n
� un

∂
∂t
� ∂

∂σ
	

oneobtainsthefollowing form for thevariationalprinciple:

(12.5)

X t1
t0

dt
�
δJ � δR� � � δY � t1t0 � X t1

t0
dtδW�

δW � 1
8π
X ds0 Z δΦ ∂Φ

∂σ
� Φ ∂δΦ

∂σ
�\[]� δA � ∂A

∂t � A � ∂δA
∂t ���

δY �^X dV0ρA � δx � 1
8π
X dV0

Z δΦ ∂Φ
∂t
� Φ ∂δΦ

∂t
� δA � ∂A

∂t � A � ∂δA
∂t
[ �

The infinitesimalwork elementδR which is due to external forces,for an individual
electronhasthevalue:

δR � S � δa � D � δ �ω 	
whereS andD areexternaltranslationandrotationforces,andδa andδ �ω, infinitesimal
translationsandrotations.

Werewe to wish to considerelectronswith mass—whichis explicitly not our intention
here—thenit would benecessaryto addthetermδ X dmv2 7 2 to theintegral on theleft of
thefirst of Eqs.(12.5).

13. GENERAL REMARKS ON ANALYTICAL VARIATIONAL PRINCIPLES

Reflectingthe variationalprinciple just developedexpressedusing the seriesdevel-
opedin P 2 for Φ and A, revealsthe following characteristics:J is a seriesexpansion
in u ��	 u � �$	 p �8	 p � ��	 etc.,for which thecoefficientsdependonu andp. ThequantitatesδW and
δV thentake theform:

(13.1)
δW � δa � R � δ �ω � C � δu � R1 � δp � C1 � δu � � R2 � δp � � C2 �K�#���L	
δY � δa � P � δ �ω � Q � δu � P1 � δp � Q1 � δu �_� P2 � δp �`� Q2 �a���#�b	

whereR 	 C 	 P 	 Q 	 R1 	 P1 	 etc.areall alsoseriesexpansionsin u ��	 p � etc.
If now thesurfaces is shrunkdown to thesurfaceof theelectron,thentheconvergence

theoremfrom §2, assuresusof theconvergenceof thequantitiesJ 	 R 	 P etc. whenfor the
m-th derivativeof u andp thefollowing holds:

(13.2) u c md M γ
Tm; p c md M γ

Tm � T � 1
k

R
Y
	 γ finite�
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In orderfor thewholeseries,Eq. (13.1),for δW andδY alsoconverge,it is necessary
thatthevariedtrajectoriesalsohave thesameanalyticproperties,i.e. which requires:

(13.3)
∂u c md

∂α M γ �
Tm ;

∂pm

∂α M γ �
Tm

�
γ � finite��	

if we make thetrajectorydependanton a parameterα, andtheneffect thevariationof the
trajectoryby varyingα.

Regardlessof how generalandunconstrainedthevariationalprincipleEq. (12.5)might
be, assoonasseriesexpansionsin termsof u �$	 p � andtheir variationsareused,only an-
alytic trajectorieswith the limitations expressedby Eqs. (13.2)and(13.3)areavailable.
Thus,onecannot extract the usualdifferentialequationsof a variationalprocedure,be-
causethevaluesof thevariablesa 	 u 	 u � etc.,for thebeginningtime alreadydeterminethe
developmentof themotionanda cleandifferentiationbetweenthebeginning,endingand
interveningvaluesis not possible.Nevertheless,thedifferentialequationsthatonewould
obtainby theusualvariationalprinciplepertainin spiteof therestrictionto analytictrajec-
tories.

Oneobtainsfrom Eqs.(12.1)and(12.2)via displacementof upperlimit of integration,
t1 	
(13.4) δJ � � δR � δW � dδY

dt
�

Furthermore:

δW � dδY
dt

� δa � � dP
dt

� R � � δu � � dP1

dt
� P � R1 � � δu � � � dP2

dt
� P2 � R2 �

(13.5)� δ �ω � � dQ
dt

� C � � dδQ
dt

� Q � δp � � dQ1

dt
� C1 � � δp � � � dQ2

dt
� Q1 � C2 � �a���#�L�

At themomentt1, all variationsδa 	 δu 	 δu ��	#���#� δ �ω 	 δp 	 δp �`����� canbe,within certainbound-
ariesdeterminedby convergenceconsiderations,arbitrary. Only the quantitydδ �ω 7 dt is
fixed by this procedure.Consideringfor the momentδ �ω asa function of time, onemay
decomposeanelementaryrotationasacomposition:

δp � dδ �ω
dt

� �
δ �ω �e� p

from which thesoughtexpressionfor dδ �ω 7 dt in termsof δ �ω andδp, is:

dδ �ω
dt

� δp � �
δ �ω �e� p �

Putting this into Eqs. (13.4) and(13.5), collecting termsfor δa 	 δu 	 δ �ω 	 δp 	 etc. and
settingthecoefficientsequalto zero,yields:

(13.6)

S � A � dP
dt D � C � dQ

dt
� p � Q

∂J
∂u
� R � ∂P

∂t � P ∂J
∂p
� C � dQ1

dt � Q
∂J
∂u ! � R1 � dP1

dt � P1
∂J
∂p ! � C � dQ2

dt � Q1

By repeateddifferentiationonegets:

(13.7)
P � ∂J

∂u
� R1

� d
dt % ∂J

∂u ! � R2 & � d2

dt2
% ∂J

∂u ! ! � R2 & � �#���
Q � ∂J

∂p
� C1

� d
dt % ∂J

∂p ! � C2 & � d2

dt2
% ∂J

∂p ! ! � C3 & � �����
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Imaginingthat thesefunctionsof velocity andtheir derivativesto be computed,thenthe
first of Eqs.(13.6)givenandwould be:

(13.8) dP
dt � R � S dQ

dt � C � p � Q � D �
ThevectorsP andQ aregeneralizedlinearandrotationalmomentum.

Eqs. (13.7)and(13.8)correspond,asis easyto verify, with therestraintsderivedfrom
theusualvariationalformulations.

14. THE TRANSFORMATION TO QUASISTATIONARY MOTION

In sofarasweseekto treattheretardedpotentialsasseriesexpansions,wemustrestrict
our attentionto treatingmotionsfor which theexpansionsasa functionof time converge
for time spansof the orderof that neededfor light to traversethe electron. In view of
this factwe shallhereafterspecializeour considerationsto motionsfor which only a few
termsin a Taylor seriesprovide a goodapproximation,i.e., thosewhich canbe denoted
‘quasistationary.’

From Eq. (13.8) onecanalwayscalculatethe forcesS andD, to which the electron
mustbesubjectedin orderthatthethird derivativesof thecoordinatesvanishor at leastare
very small. That,however, is not the interestingproblem.Ratherwe would like to know
which quasistationarymotions,if any, an electroncanexecutewhenessentiallyfree or
subjectto relatively smallexternalforces.To attackthis problemwithout excessiveeffort,
a certainamountof handwaving is unavoidable.To begin, I have allowedarbitrarily large
translationandrotationvelocities(exceptthat the translationvelocity mustremainunder
thespeedof light) but consideredaccelerations, u � andp � , for whichonly thethefirst term
is finite, i.e., u � � � 0 andp � � � 0, or at leastnearlyso. It turnsout that suchmotionsare
possibleonly with relatively largeexternalforces.For thecaseof smallexternalforces,the
translationvelocity maybelarge,but rotationalvelocity mustbeconstrained;thevelocity
of the surfaceof the electronmustremainlow. All this leadsto the following situation.
Either, oneneglectsthethird powerof therotationalvelocity, whereuponit is permissable
to includeonly p � , asin thebeginning,andto neglectp � � sothattheoriginalexpansionsare
sufficient,which, however, resultsin a lossof themostinterestingmanifestationsof elec-
tron motion. Or, on theotherhand,oneincludesthethird power, which implies including
p � � sotheoriginal expansionsmustbeextended.In sum,therefore,we seethat for freeor
smallexternalforces,electronssubjectto quasistationarymotionhaverotationalvelocities
for which the variousquantitieswhoselinear contribution to the surfaceof the electron,
whichhereshallbedenotedwith ε, areto takenasindicatedin Table1:

Quantity Order Quantity Order

u � : % u ! R
Y2 & ε3 p : % pR

Y & ε

u � � : % u ! ! R2

Y3 & ε4 p � : % p ! R2

Y2 & ε2

u � � � : % u ! ! ! R3

Y4 & ε5 p � � : % p ! ! R3

Y3 & ε3

TABLE 1

etc.
Basedon this preparatoryresearch,we now suggestthe following approach. In Eq.

(13.8) we drop all quantitiesof order ε4, as specifiedabove. It will turn out that this
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equationthenwill besatisfiedby a motion in which thevelocitiesandtheir derivativesin
facthavethesoughtorderof magnitude.Fromthis it follows thatthismotionfor a limited
timeinterval mustin factcloselyapproximatethemotionof anelectron,andwhichwill do
sobetter, thesmallerthevalueof ε, thelower therotationalvelocityof theelectron.

After the precisionto degreeε3 is establishedfor Eq. (13.7),considerablesimplifica-
tions result. The first differentiationof al termsof degreeε0 with u 	 p 	 u �$	 p � etc. after a
time give quantitiesof at leastorderε2 , sinceeachterm containsfactorsof u � or p � or
higherandeachsubsequentdifferentiationraisestheorderby at leasta factorof ε. Thus,
thesoughtprecisionfor themomentais givenby

(14.1)
P � ∂J

∂u
� R1

� d
dt % ∂J

∂u ! � R2 & 	
Q � ∂J

∂p
� C1

� d
dt % ∂J

∂p ! � C2 & �
Further, it is easyto seethat to specifyJ adequately, it is necessaryonly to retainterms
linear in u and p, and for the accelerationstermsin u � and p � . Below we shall in fact
calculateJ to this extent;first we examinethetermsR 	 C resultingfrom thevariationδW.

15. PROOF THAT δW VANISHES FOR QUASISTATIONARY MOTION

Eq. (12.5)for δW is:

δW � 1
8π



ds0 � δΦ

∂Φ
∂σ

� Φ
∂δΦ
∂σ

� δA � ∂A
∂t

� A � ∂δA
∂t

� �
andperEq. (13.1)is also:

δW � δa � R � δ �ω � C � δu � R1 � δp � C1 � δu � � R2 � δp � � C2 �K�#���L	
To begin, considerthesurfaces overwhich theintegral δW is evaluated,andwhich,as

describedabove,is a sphereof a particlarradiuscenteredon theelectron.In theargument
thusfar, nothingwouldbechangedwereweto consider, in steadof s, aparallel,advancing
surface.In factwewish to considersuchasurface,to bedenotedby s̄, whichenclosedthe
volumeV̄ andfor whichall associatedquantitieswill likewisebegivenanover-bar.

Consideringtheintegralof δV, weseethatGreen’s theorem,asusedin §3, implies:

(15.1) δW � dδY
dt

� δW̄ � dδȲ
dt

	
i.e., thatδW � dδY 7 dt is independentof s.

As Eq. (13.5)this expressionwasexpandedin termsof expressionslike:

dP
dt

� R;
dQ2

dt
� Q1 � C2 	

etc.—thatthenenteredinto the equationof motion. Eachfactorseparatelyis a seriesin
u �$	 p � etc.underthecondition,thatthesurfacesandvolumeV, overwhichδW andδV are
to beintegrated,arewithin theconvergencedomainof thetheretardedpotentials.Let such
anexpansionbeindicatedby theequation:

(15.2)
dP
dt

� R � α0 � ∑α1 f iu�i � ∑α2 f i p�i � ∑∑α3 g i f ju�i p� j �a�����R	
whereeachexpansioncoefficientα is actuallyanintegraloversor V.

Now, asthewholeexpressionδW � dδY 7 dt is independentof thechoiceof s, thesame
is truefor eachindividualfactorof eachvariationandeachtermα in theexpansionof these
factors.This is true clearly for all surfacess thatarein the domainof convergence;but,
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asu ��	 p � canbe chosenarbitrarily small, the convergencedomainwill be thenarbitrarily
large,leadingto thefollowing assertion:

If in theequationof motion(andEq. (13.6))thetermsR 	 C 	 P 	 Q etc.are seriesexpan-
sionsin u ��	 p � etc., thenthe expansioncoefficientsare independentof the choiceof s. In
particular, wemaylet s Y ∞.

Of course,lettings Y ∞ canbedoneonly aftertheseriesaredetermined.
If we want to show on the basisof this developmentthat termsfrom δW vanish,we

mustestimatethe sizeof two quantities,from oneof which the behavior of Φ andA at
infinity depends,andtheothertheindividual termsfrom therotationε depend.

As for thefirst quantity, notethefollowing. Let r̂ betheradialdistancefrom thecenter
of theelectron,now, if r̂ Y ∞, thenthetermsl andk from §2 alsodiverge.Thus,all terms
in the expansionEq. (11.7)alsodiverge. The termsdependingon rotationin Eq. (11.8)
for A requiresomewhatmoreanalysis.Theintegral


dξdηdζρη
1
k
	

appearsto divergein thezerothorder, asl andk dependon theorderof r̂. Closerexamina-
tion of thequotient1 7 r̂, however, andoneseesthatat infinity

1
k
� α � β

r̂
	

whereα dependsonly on thecoordinates�ξ0, andno longerfrom �ξ, andβ remainsfinite.
Puttingthis into theintegral,make it vanishwhenevaluatedover α becauseof symmetry,
andshows that the whole integral at infinity is of the orderor 1 7 r̂. Likewise, all terms
concerningrotationin A atinfinity areonordersmallerin thefirst approximationatinfinity
of k andl thanthatof r̂.

To estimatethe orderof the secondquantity in termsof ε, first we mustdetermineto
which orderof exactitudewe mustknow the termsR 	 C 	 R1 	 C1 	 etc. in orderto get the
equationof motion to order εs. Consider, for instance,R1, which can be decomposed
into apart,T

�
R1 � which is independentof rotationandthereforedenotedthe“translation”

component,anda rotationcomponentF
�
R1 � . The first part (compareEq. (tablep. x))

afteronedifferentiationwith respectto time,of orderε3, andthesecondof orderε2. Each
subsequentdifferentiationraisestheorderby at leasta factorof ε. Fromtheequationsof
motionandmomentumseries,Eqs. (13.7)and(13.8),thatoneevaluateonly thoseterms
asgivenon thechartbelow:

R-terms C-terms order h εn

R C ε3

R
�
R1 � R

�
C1 � ε2

T
�
R1 � T

�
C1 � ε0

R
�
R2 � R

�
C2 � ε

T
�
R2 � T

�
C2 � not atall

It seemsnow advantageousto expungethetermsR andC, which hastheconsequence
thatthevariationδa � δ �ω � 0 is insertedinto δW. In consequence,theaboverestrictions
canbereformulatedasfollows

u-terms p-terms order

δu δp ε
δu � δp � ε2
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whereall translationtermsof orderε2 areappended,sothat,all in all, knowledgeof δW
to orderε2 is needed.

Now, bothbehavior of theexpansionof Eqs.(11.7)and(11.8)of theretardedpotentials
at infinity andsimultaneouslytheirorderwith respectto ε mustbechecked. In thefollow-
ing, a symbolicform will be given for the orderof the retainedtermsshall be used.All
termsof orderε4 shall beneglected,aswell astermsderivedfrom a previously consider
termby a factorof 17 r̂ or ε. Thepurely‘translation’termsshallbehandledseparatelyand
denotedwith a factorof τ.(8) It is obvious,thattheexpansionof Eqs.(11.7)and(11.8)up
to termsof orderε2 arecomplete.Thatis:

Φ � τ � 1
r̂
� ε2 � A � τ � 1

r̂
� ε2 � � ε

r̂2 � ε2

r̂
� ε2 �

Thetermsfromthevariationof Φ andA in Eqs.(11.7)and(11.8)dependingonδu 	 δp 	 δu � andδp �
areeasilyfound. In view of thedeterminedorderof δu 	 δp etc.,onegets

δΦ � τ � ε1
r̂
� ε2 � δA � τ % ε

r̂
� ε2 & � ε2

r̂2 � ε3

r̂
�

Note that, for the characterof purely translationterms,the only importantfeatureis that
they befreeof p 	 p ��	 p � � , while thevariationsδp 	 δp � areirrelevant.

Further:

(15.3)
ΦδΦ � τ2 ε

r̂ < 1
r̂ � ε = 	

AδA � τ2ε % 1
r̂2 � ε

r̂ � ε2 & � τ ε2

r̂2 < 1
r̂ � ε =:� ε3

r̂4 �
The integrationsin δW arisesolely becauseoneor the otherfactorof theproduct,either
Φ or δΦ say, is subjectedto the differentiation∂ 7 ∂σ. That is, following Eqs. (12.3)and
(12.4):

∂
∂s

� ∂
∂n

� u
∂
∂t
� ∑cos

�
nxi � ∂

∂x0
i

� u � d
dt
� u � ∂

∂x0 �0	
it involveseitheradifferentiationwith respectto thecoordinatesof thepoint of interestor
with respectto time while holding the relative coordinatesof this point fixed. In view of
theexpansionsof Eqs.(11.7)and(11.8)of Φ andA, oneseesthatthefirst differentiation
raisestheorderby 1 7 r̂ andthesecondby at leastanorderof ε.

Note thatdifferentiationby ∂ 7 ∂σ of the factorsof the productΦδΦ leavestranslation
factorsasagaintranslationfactors.Suchfactorsaresurelythosehaving the factorτ2, as
they can be only the productof two translationfactors. On can then, accordingto the
stipulationin Eq. (15.3)above,setτ2 � ε2 (but not τ � ε � andtherebyget:

ΦδΦ � ε2

r̂2 	 AδA � ε2

r̂3 � ε3

r̂2 �
In regardto thedifferentiation∂ 7 ∂σ, if onemultiplesby thefactor1 7 r̂ or ε all the terms,
at leastthosenotdisregardedbecauseof thefactorε4, they getthenat leastthepowerof r̂3

in thedenominatorandtherforevanishin theintegralass is takento infinity.
The above stipulationson the above excludedquantitieson R andC to order ε3 are

renderedsuperfluous.First it is obviousthatC to all ordersvanishesin sofarasa rotation
δ �ω of anelectronaboutis centerchangesnothingandC � δ �ω is to representthevariation

8Therequirement,tranlationtermsto have attributedto themanorderof ε2 doesnot apply to Φ andA, but
only to δW, andwill coveredherewith thefactorτ.
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of rotationfrom δW. On theotherhand,onehasfrom thevariationof Φ andA thatarise
from thedisplacementδa andin δW deliver thetermR � δa:

δΦ �'� δa � ∇Φ; δA ��� δa � ∇A �
If onenow fixestheorderof thesevariationsasaboveby consideringtheorderof δa as

beingorder0, while in this caseneglectingthe superfluousdistinctionof translationand
rotation9, onegets:

δΦ � 1
r̂2 � ε2

r̂ 	 δA � 1
r̂2 � ε3

r̂ 	
ΦδΦ � 1

r̂3 � ε3

r̂2 	 AδA � 1
r̂3 � ε3

r̂2 �
Introducingthefactors17 r̂ or ε to accountfor thedifferentiationsin thedetermination

of theintegrandsof δW, shows thatall termsof orderε3 alsovanishwhenthesurfaceover
which the integrationsareexecutedis taken to infinity. This leadsto the conclusion:All
termsfromδW in theequationof motionvanishwhens Y ∞.

It might appearthatwe needto examinetheexpansionof δY ass Y ∞. However, the
following considerationsrenderthis unnecessary. Theexpansioncoefficientsα comprise
somecombinationof R 	 C 	 P 	 Q etc.,asin Eq. (15.2), in eithera surfaceor volumeinte-
grals. If s andV arefinite, thentheintegralsarefinite. But whens Y ∞ , aswe have just
shown, all thecoefficientsin theintegral remainfinite, in factvanish.This impliesthatthe
volumeintegral mustremainfinite asV Y ∞. Whatever valuesthis integral deliversare
immaterialfor thedeterminationof theequationof motion.

Thus,wemaylet s Y ∞ for all relevanttermsandsoobtain

(15.4) R � C � R1
� C1

� R2
� C2

� 0 �
16. CALCULATION OF THE KINETIC POTENTIAL J

ThequantityJ, which we define,in analogyto ‘potential’ of conventionalmechanics,
asthe‘kinetic potential’of anelectron,hasthevalue:

2J � 

dv0ρ

� � Φ � v � A ��	
andcanbecalculatedup to lineartermsin theaccelerationsu � andp � , thatis by exploiting
the expansions,Eqs. (11.7) and (11.8) of Φ and A, while neglecting termsin p � � . We
emphasisagain,of concernherearethe impactpoints �ξ of Φ andA that areto be taken
over thevolumeof theelectron,wherev � u � p � �ξ.

This calculationcanbesimplifiedsubstantiallyby takingthetranslationvelocity to lay
on thex-axisandaccelerationto bein thex � y plane,sothat:

ux
� u; uy

� uz
� u�z � 0 �

9This distinctionis superflousbecauseR in theequationof motion is not differentiatedwith respecto time,
andonly suchdifferentiationsaffect the‘translation’terms.
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Eqs.(11.7)and(11.8)take thefollowing form:

k �CB �
ξ0 � ξ � 2 � �

1 � u2 � � � η0 � η � 2 � �
ξ0 � ξ � 2 ��	 l � u

�
ξ0 � ξ �
	

Φ � Φ0 � Φ1 	 g � g0 � g1 	
Φ0 �iX dVρ

k 	
Φ1 � X dVρ

k2 % � u�x � ξ0 � ξ ��� u�y � η0 � η � l2 " k2

2 c 1 " u2 d � uu�x l3 " 3k2l " 2k3

2 c 1 " u2 d 2 & 	
g0

y
�iX dVρξy

k 	
g1

y
�iX dVρξy

k2 % � u�x � ξ0 � ξ �j� u�y � η0 � η � l2 " k2

2 c 1 " u2 d � uu�x l3 " 3k2l " 2k3

2 c 1 " u2 d 2 & 	
h � X dVρ l

k �ξ 	
A � uΦ � p � g � u !

1 " u2
X dVρ < 1 � l

k = � p !�k h
1 " u2 �

Here,for thesake of brevity, the integral h is introduced,andin Φ andg theacceleration
freeparts,Φ0 andg0 areseparated.

All theseintegralshavesimplesymmetryproperties.For example

hy
� 


dVρ
l
k

η � u



dξdηdζη
�
ξ0 � ξ �B �

ξ0 � ξ � 2 � �
1 � u2 � � � η0 � η � 2 � �

ζ0 � ζ � 2 	
is odd in ξ0 andη0, andevenin ζ0. Thesesymmetrycharacteristicswill beusefulby the
determinationof J, where �ξ0 traversesthe electron’s wholevolume. Thesecondintegral
vanishesfor any functionthat is unevenin any of thevariables�ξ. In fact,onegetsjust by
symmetryfor J

2J � �
u2 � 1� 
 dV0ρΦ0 � u�ypz

1 � u2



dV0ρ



dVρ � ξ0 l

k
� u

�
η02 � η0 � l2 � k2

2k2� p2
x



dV0ρ

�
η0g0

y � ζ0g0
z ��� p2

y



dV0ρ

�
ζ0g0

z � ξ0g0
x ��� p2

z



dV0ρ

�
ξ0g0

x � η0g0
y �
�

Theintegral multiplied by u�y acceptsanothersimplification.That is, by exchanging�ξ and�ξ0: 

dV0dVρ2η2 l2 � k2

2k2
� 


dVdV0ρ2η02 l2 � k2

2k2 	
it canbeseenthatthesecondpartvanishes;and,thefirst partcanbewritten:


dV0ρ



dVρ
ξ0u

�
ξ0 � ξ �
k

� u

 �dV0ρΦ0ξ02 � u



dV0ρξ0g0

x �
If onedefines:

M � 

dV0ρΦ0; K � 


dV0ρ�ξ0g0; M � ��� Kx � 
 dV0ρΦ0ξ02 	
thenthefull expressionfor J becomes

J � u2 � 1
2

M � p2
x

2

�
Ky � Kz��� p2

y

2

�
Kx � Kz��� p2

z

2

�
Kx � Ky � � u�ypzu

2
�
1 � u2 � M � �

Thetasknow is to evaluatetheintegralsM 	 M � andK andthenthepotentialsΦ andg0.
To begin, onehas

Φ0 � 

dξ∂η∂ζB �

ξ0 � ξ � 2 � �
1 � u2� � � η0 � η � 2 � �

ζ0 � ζ � 2 � 	



24 K. SCHWARZSCHILD

an integral over a spherecenteredon the origin of the system�ξ. The usualmethodof
evaluatingthis integralconsistsof stretchingthex-axisby thefactor17 � 1 � u2 � , sothatΦ0

becomestheusualpotentialof attractionfor a homogeneousellipsoidof rotation. In this
wayoneobtains:

Φ0 � πρ �R2E � ξ02D � � η02 � ζ02� D ��	
E � 1

u log 1l u
1 " u

� u2D � 2 � D � 2D1 �
Theevaluationof g0, on the otherhand,alsoinvolvesan ellipsoidof revolution, but one
thatis nothomogeneous,but ratheronefor whichthedensityis proportionalto thedistance
from thecenter. Themethodsusedto evaluatehomogeneousellipsoidsalsoleadsdirectly
to theresult:

g0
i
� πρξ0

i �R2Ai � ξ02Bi � �
η02 � ζ02� C1 �

where
Ax

� E � 1 " u2

u
∂E
∂u 	

3Bz
�'� 3D � 1 " u2

u
∂D
∂u 	

Cx
�'� D1 � 1 " u2

u
∂D
∂u

Ax � 2Ay
� E 	 Ay

� Az 	
3Bx � 2By

��� 3D 	 By
� Bz 	

Cx � 4Cy
��� 3D1 	 By

� Cz �
To evaluatethe integralsM 	 M � andK, only elementaryintegralsof �ξ0over thesphereV0

needbecarriedout. Theresultsareasfollows:

M � 16
15π2R5ρ2E 	

Kx
� 1

7
16
15π2R7ρ2 E " 2

u2 	
Ky

� Kz
� 1

7
16
15π2R7ρ2 1 " c 1 " u2 d E I 2

u2 	
M � � 3

7
16
15π2R7ρ2 1 " c 1 " u2 d E I 2

u2 �
After puttingtheseexpressionsintoJ anddividing throughby theconstantfactor16πRρ2 7 15,

weget:

(16.1) J � u2

2
M � p2

x

2
Cx � p2

y

2
Cy � p2

z

2
Cz
� pxuy! uM 	

where

(16.2)

M � 16
15π2R5ρ2 < 1 � � 1 � u2 � E 7 2=W7 u2 	

Cx
� 2

7
16
15π2R7ρ2 < 1 � � 1 � u2� E 7 2=T7 u2 	

Cy
� Cz

� 1
7

16
15π2R7ρ2 < � 1 � �

1 � u2 � E 7 2= 7 u2 	
M � 3

7
16
15π2R7ρ2 1 " c 1 " u2 d E I 2

2u2 c 1 " u2 d 	 E � 1
u log 1l u

1 " u 	
andfor which theseriesexpansionsare:

(16.3)

M � 64
15π2R5ρ2 % 1

1 m 3 � u2

3 m 5 � u4

5 m 7 �K�#��� & 	
Cx

� 2
7

64
15π2R7ρ2 % 1

1 m 3 � u2

3 m 5 � u4

5 m 7 �K���#� & 	
Cy

� Cz
� 1

7
64
15π2R7ρ2 % 1

1 m 3 � u2

3 m 5 � u4

5 m 7 �K���#� & 	
M � � 3

14
64
15π2R7ρ2 % 1

1 m 3 � u2

3 m 5 � u4

5 m 7 �a����� & 1
1 " u2 �

Finally, thespecialorientationof thecoordinatesystemalongthevelocity andacceler-
ationis abandonedin favor of anarbitraryorientation;in whichcaseJ, asit wouldalsoby
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asimplecoordinaterotation,becomes:

(16.4) J � u2

2
M � p2

2
Cy
� �

p � u � 2
u2

Cy
� Cz

2
� M � � p � � u � � u ���

17. THE ELECTRON’ S EQUATION OF MOTION

Thepreceedingresultsleadto theequationof motionof anelectron.Eqs. (13.6,13.7)
and(13.8),in view of thevanishingof thethequantitiesR andC, thesimplificationof the
momentumto thetermsin Eq. (14.1)andtheabsenceof p � in theexpressionsfor J, take
on thefollowing form:

(17.1)
P � ∂J

∂u
� d

dt
∂J
∂u ; Q � ∂J

∂p 	
dP
dt
� S; dQ

dt
� p � Q � D �

Theseequationin variousrespectsbeara similarity to the equationsof motion for a
solidbodyfrom ordinarymechanics;i.e.:

1.) By absenceof anexternaldisplacementforceS, thelinearmomentumP is fixedin
space.

2.) Equationsfor the rotationalmomentumQ have thevery sameform asthegeneral
Eulerequations,exceptthat the signsof the first two termsareexchanged.This implies
that by absenceof torques,the rotationalmomentum,unlike the linear casewhich stays
fixed in space,remainsfixed within the electron. This inversionof the electron’s orbital
structureevadesthesituation,that thekinetic potentialdependson a rotationalvelocity p
aboutafixedaxisin space,ratheronanaxismoving with theelectron,sothattheellipsoid
of momentumdependsonthetranslationdirectionanddoesnot rotatewith thebodyof the
electron.

3.) Givenexternalforcesfrom a potentialU , theequationof motionthenfollows from
theminimalizationprinciple

δ

 t1

t0
dt
�
J � U � � 0 �

In this caseJ dependsnot only on velocity, asin theusualformulation,but alsoon accel-
eration,sothatbeavariationboththecoordinatesandthevelocitiesmustbeheldconstant
at theboundariesof thetime interval.

If rotationis aboutthedirectionof translation(pz
� 0 in Eq. (16.1)for J), or if thetrans-

lation velocity is zero(andthereforeM � � 0), onearrivesat ABRAHAM ’s “extraordinary”
motion in which accelerationsareabsentfrom thepotentialJ, andtheonly distinctionto
ordinarymechanicsis thatJ is no longeraquadraticfunctionof velocity.

4.) As thevalueof thekineticpotentialdependsobviouslyonly ontherelativepositions
of the threevectorsu 	 u � andp, nothingis changedif thesethreevectorsaresubjectedto
thesamerotation.Thus,thefollowing equationholds:

u � ∂J
∂u

� u � � ∂J
∂u � � p � ∂J

∂p
� 0 �

In turn, thisequationleadsto

(17.2)
∂J
∂p

� u � ∂J
∂u � � a � P � 


dt
�
D � a � S ���

Theseequationscorrespondthe thesurfacevariation of ordinary mechanics,whereas
thecenterof massvariationcorrespondsto

(17.3) P � ∂J
∂u

� d
dt

∂J
∂u � � 


dtS �
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Theright sidesof theseequationagreeup to theneglectedhighorder termsto thecompo-
nentsof ABRAHAM ’s “quantitiesof motion” for theelectron.

18. FORCE FREE ELECTRON MOTION

WhentheexternalforcesS andD vanish,sothat theelectron’s motionis constant,the
surface-andcenterof massvariationsyield the intermediateintegralsof the equationof
motion,namely:

P � ∂J
∂u

� d
dt

∂J
∂u � � const� � �β

∂J
∂p

� u � ∂J
∂u � � a � �β � const� � �γ �

Thenext questionis: whetherandunderwhichconditions,it is possibleto haveuniform
translationsin combinationwith rotationaboutanaxisfixedin space?

Letting thetranslationdirectionbealongthex-axis,gives:

ax
� ut; a � ax

� u � ux
� u � � 0 �

In the surfacevariationthe termsaxβy andaxβz increaselinearly in time, while all other
termsremainconstant.For uniformmotion,it mustbethat

βy
� βz

� 0; Py
� Pz

� 0 �
Thedirectionof the linear forcecoincideswith thedirectionof motion. Thus,theconse-
quencesof thesurfacevariationis exhaustedastheleft sidesareconstant.

Regardingthecenterof massvariation,,in view of theorientationchoicemadehere,by
differentiationof J, onegets:

Py
� ∂J

∂uy

�'� pxpy
Cy " Cx

2u 	
Pz
� ∂J

∂uz

�'� pxpz
Cz " Cx

xu �
If bothareto vanish,eitherpx

� 0 or py
� pz

� 0. Thus,weget:
Uniform translationaccompaniedby rotationof an electron is possibleonly if theaxis

of rotationis parallel or perpendicularto thedirectionof translation.
By variabletranslationalmotion with rotation, the extractionof exact integrals is in-

feasibleasneglectinghigherordertermsis not physicallyjustifiable. Therefore,we shall
seeksolutionsconfinedto beingnearthosefor uniformmotion,to theextentthattheterms
correspondto thosein Table1, namely:

Variable Order

p ε
p � ε2

p � � ε3

u � ε3

“Being near” the solutionfor uniform motion meanshere,that both uy anduz arere-
strainedto orderε2 andonly ux is allowedto take arbitraryvalues.

Thiswholeinvestigationfrom thestartwaslimited to obtainingtheequationsof motion
to anexactitudeof theorderε3. This level of precisionimpliesthatthesurfaceandvolume
variationscanhaveanorderof ε2, asdifferentiationraisesthelevel by oneorder.

Thepartialderivativesof J wheretermsup to orderε2 havebeenkept,are:
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∂J
∂ux

� ux % M � u
2

∂M
∂u & � p2

x
2

∂Cx
∂u � p2

y l p2
z

2
∂Cy
∂u 	 ∂J

∂u
� 0 	

∂J
∂uy

� uy % M � u
2

∂M
∂u & � Cy " Cx

u pxpz 	 ∂J
∂u
�'� M � pzu 	

∂J
∂uz

� uz % M � u
2

∂M
∂u & � Cy " Cx

u pxpz 	 ∂J
∂u
� � M � pyu 	

∂J
∂px

� pxCx 	 ∂J
∂py

� pyCy 	 ∂J
∂pz

� pzCz �
Fromtheseexpressionsonegetsthecomponentsof the linearmomentumwith thecenter
of massvariationcorrectto orderε2:

(18.1)

Px
� ux % M � u

2
∂M
∂u & � p2

x
2

∂C
∂u � p2

y l p2
z

2
∂Cy
∂u

� const� � βx 	
Py
� uy % M � u

2
∂M
∂u & � Cy " Cx

u pxpy � uM � p�z � const� � βy 	
Pz
� uz % M � u

2
∂M
∂u & � Cz " Cx

u pxpz � uM � p�y � const� � βz �
Fromthefirst of theseexpressionsonecanprovisionally take it, thatux andin factu itself
remainconstantto secondorder.

For rotations,it is preferableto usetheequationsof motionthemselvesratherthanthe
surfacevariation.To accuracy of degreeε3, onegets:

p�xCx
� 0 	

p�yCy
��� pxpz

�
Cy
� Cz �
	

p�zCz
� pxpy

�
Cy
� Cx �
�

In sofarasu variesatmostto secondorder, onemaytaketheCi as(essentiallytheaverage
of u) constant.Thus,theintegralsof theseequationsgive:

(18.2)
px
� λ 	 py

� µcos
�
nt � χ ��	 pz

� µsin
�
nt � χ ��	

n � λ
�
Cy
� Cx �n7 Cy

�
whereχ 	 λ 	 µareintegrationconstnats�

Puttingthetheresultingvaluesfor therotationalvelocity in thecenterof massvariation
thengives:

ux � M � u
2

∂M
∂u

� � βx
� λ2

2
∂Cx

∂u
� µ2

2
∂Cy

∂u
	

which impliesthatux
� const� up to third order. In addition:

(18.3)
uy % M � u

2
∂M
∂u & � βy � cos

�
nt � χ � nµCy " M ! u2

u 	
uz % M � u

2
∂M
∂u & � βz � sin

�
nt � χ � nµ

Cy " M ! u2

u �
Thecoordinatesystemcanalwaysbechosensuchthatβy

� βz
� 0; in whichcaseintegra-

tion of thecoordinatesof thecenterof massof theelectron,a, are:

(18.4)

ax
� uxt 	

ay % M � u
2

∂M
∂u & � µsin

�
nt � χ � Cy " M ! u2

u 	
az % M � u

2
∂M
∂u & ��� µcos

�
nt � χ � Cy " M ! u2

u �
In words,thesignificanceof Eqs.(18.2),(18.3)and(18.4)is: A freelymovingelectron,

i.e., onesubjectto noexternalforces,moves,notuniformlyaccordingto theconservationof
inertia, ratherits centerof massmovesona cylindrical spiral sothattheelectronprecesses
about the axis of the spiral such that the spiral axis, rotational axis and velocityof the
centerof massremainin a plane.
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In principle it shouldbe checked if the magnitudeof all thesequantities,taking the
rotationalvelocity to first orderasthestandard,correspondto initial assumptions.This is
easilydonefrom Eqs. (18.2)and(18.3),andit turnsout that in factwe have obtainedan
approximationto themotionof theelectronby takingthethevelocityof thesurfaceof the
electronto besmallin comparisonto thespeedof light. Justhow coarsethisapproximation
is, is not to beestimatedwithoutgreatdifficulty, but shouldbeacceptablefor velocitiesup
to c7 10or evenc7 5.

Thesizeof theelectron’sspiralcanbeestimatedby consideringtheangularvelocityof
thefinemotion,which is identicalto theangularvelocityaboutthespiralaxis:

n � λCx " Cz
Cy

� λu2ϑ 	
ϑ � 1

u2

3 o u2
2u log 1 p u

1 o u " 3
1p u2

2u log 1 p u
1 o u " 1

� 1
3 q 5 l 2U2

5 q 7 l 3u4
7 q 9 l:m m m

1
1 q 3 l 2u2

3 q 5 l 3u4
5 q 7 l:m m m

Thefactorϑ goesfrom 17 5 to 1 asu goesfrom 0 to 1. Theinclinationof thespiralis given
by:

l � 2πu
n

� 2π
λ

1
u

ϑ �
Theradiusof thecylinderon which thespiral lays,is:

ρ � µR2

u
ϑ � 	

where

ϑ � � 1
R2

Cy
� M � u2

M � u
2

∂M
∂u

� 1
7

5u2 l 2
2u2 log 1l u

1 " u
� 2

u2
� 3

1 " u2

1l u2

2u2 log 1l u
1 " u

� 1
u2

�
Thefactorϑ � � 17 7 for u � 0, vanishesfor u � 0 � 77c and Y ∞ asu Y 1. For u � 0 � 97c

it equals1 � 5.
Theinclinationof thespiralbecomes:

2πρ
l

� R2λµ
ϑ �
ϑ
�

This impliesthatthespiralis veryflat or stretchedout whenever therotationalvelocityon
thesurfaceof theelectron,Rλ andRµ, aresmallwith respectto thespeedof light, which
is thecasefor all conditionsconsideredherein.

If we applythis resultfor thespiral radiusto cathodeandBECQUEREL-raysfor which
0 � 1c M u M 0 � 97c, andthereforethe rotationalvelocity µR is roughly the speedof light,
still thespiral radiusis nearlyequalto the electron radius. Only electronsfor which the
translationvelocityis verysmall relativeto the surfacevelocityµR,can the total motion
takeon visibledimensions.

19. ELECTRON MOTION IN ELECTROMAGNETIC FIELDS. CONCLUSIONS

Considera non rotatingelectronsubjectto translationalforcesS. In this casefor the
linearmomentum,onehas

P � u � M � u
2

∂M
∂u

� � u
u

∂
∂u

� u2M
2

�r	
from which it follows,that

S � dP
dt

� u �
u

∂
∂u

� u2M
2

� � u
u

∂
∂u

� 1
u

∂
∂u

� u2M
2

�s� u � u � 	
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andif thex-axisis in themomentarydirectionof motion(uy
� uz

� 0� :
(19.1)

u�x ∂2

∂u2 % u2M
2 & � Sx 	

u�y 1
u

∂
∂u % u2M

2 & � Sy �
The factorson u�x andu�y arein fact ABRAHAM ’s “longitudinal” and“transversal”mass.
The secondof theseequationsis what hasbeendemonstratedby KAUFMANN’s experi-
ments.

Whena rotatingelectronmoveswithin the envelopeof cathode-or BECQUEREL-rays
asusedin KAUFMANN’s experiments,they experienceboth a lateral force anda torque.
Simpleestimateson thebasisof theequationsof motionshow, however, thatunderthese
conditionselectronsexecuteanultramicroscopicspiral motion,asdescribedabove, about
a rotationaxiswhich essentialcoincideswith that fromEq. (19.1).

The rotationalvelocity canincreaseup to the limits of this analysis,that is, up to ap-
proximatelyc7 5. Thus,thefinal conclusion:

Theresultsof the LORENTZ-WIECHERT electrodynamicsof a massless,rotatingelec-
tron, as paradoxical as it may seemat first glance, do not conflict with any empirical
evidence.
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