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ABSTRACT. In 81it is shavn, thatin the Hamiltonianformulationof nonquantunrela-
tivistic mechanicghe eigentimetcanbe usedasthe independentariableif a new form
of the Lagrangians emplg/ed. In 82, eigentimewill beintroducednto the DIRAC equa-
tion, and a meansof integrating this equationbasedthereonintroduced. With the aid
of this method,the CAucHY problemwill be treated. In addition, a generalizatiorand
simplificationof PauLI’sapplicationof the WENTZEL-BRILLOUINSchertechniqueto the
DiRAC equationwill beintroduced.In 83 the mixed densityin the positrontheorywill be
expressedn termsof the fundamentabkolution(solution élémentaireandthe RIEMANN
functionof the DIRAC equation.

1. CLASSICAL MECHANICS

§1.1Let L? bethe usualL AGRANGE functionfrom which the relativistic equationsof
motionfor atestchagein anexternalfield areto bederived. L is thoughtto be

(1.1) I— 1—32—§(r-li)+ecb,
where

7.7
(1.2) %= 2

andwhereprimesindicatedifferentiationwith respecto time. If now oneintroduceshe
eigentime:

(1.3) r:/t:,/l—BZdt,

thentheactionintegral\\ \ \

t

(1.4) s= [ Lo,
t0

for which variationshouldyield the equationof motion,canbewrittenin theform:
T odt

1. = [ L°—drt.

(1.5) s /0 ot

Here, however, asthe upperlimit T dependson the form of the orbit, its variationtoo
mustbe takeninto account;the consequences that eigentimet cannotbe consideredan
independentnon variated)variablein a variationprinciple in the LAGRANGian function

LOdt /df.
81.2.0Onecan,however, introducea new Lagrangianpf theform:s
(1.6) L= %m(rz—cztz)—%mcz—g(?-lmetcb,
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2 V. A. FOCK

whereoverdotsindicatedifferentiationby the independenvariablet (the quantity T will
turn outlaterto beidenticalwith theeigentime).
Variationof theintegral

T
(1.7) S= / Ldr,
0
with theupperlimit T heldfixed,thenyieldsthe“equationsof motion™:
E a—L — % =0, etc
drox ox
doL oL
1.8 ==
(1.8) dtot ot
As L is notexplicitely dependanon T, theseequationshave the integral:
(1.9) i2 — 2 = const
Settingthe constanequalto —c? i.e.,
(1.10) P2 — = ¢,

yieldsanequationaccordingo whichtheindependentariablet is identicalto eigentime;
and,Eqgs.(1.8) reduceto the usualrelativistic equationf motion.
In view of Eq. (1.10),then:

odt
(1.12) L=L ar’
whereL? hasthe samemeaningasin §1.1. Thatis, theactionintegral Eq. (1.7)is numeri-
cally identicalwith Eq. (1.4).

§1.3 With the LAGRANGIan function, Eg. (1.6), one caneasily obtain HAMILTON’S
equationf motion,aswell asthe HAMILTON-JAcOBI partial differentialequation.The
latterhastheform:

0S

(1.12) s, 1

ot 2m =0

ot
In thetheoryconsideredherein,r,t play therole of coordinateandt playsthe samerole
astime in nonrelatvistic mechanics.Therefore,one may directly apply equationdrom
classicaimechanicsn thistheory

If theactionintegral, Eq. (1.7),is expressedn thevariables,t,r°,t% 1, onegets:

(1.13) S=S(r,t;r%% 1),

in whicht canbetakenasoneof theindependentariables.The partial differentialdS/ot
is, asa consequencef the equation®f motion,aconstantvhichif setequalto null, 1.e.,

0S
1.14 — =0
( ) aT ?
onegetsthe conditionEg. (1.10)for the eigentime.
The momentumvariables'conjugate’to r,t, aswell astheir initial values,canbe ex-

pressedspartial derivativesasfollows:

N2 2
(DS+9A) _%(68 e@) + mPc?
C C

0S
(1.15) pr=0S pt:_H:E;
0S
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If Eq. (1.14)is solvedfor T andits valueputinto in Eq. (1.13)for S, onegetsthe usual
actionfunction

(1.17) S=S(rt,r%1tY).

Thisleadswith Eq. (1.14),0bviouslyto

05 _0s_ osar_0s

or or otor or

The eliminationof T, however, is quite incorvenient. For example,for the problemof

anelectronin constantelectricandmagnetidields, S (with T) is elementarywhile thereis
no closedform for S*.

(1.18)

2. EIGENTIME IN THE DIRAC EQUATION

§2.1The DIRAC wave equatiorfor anelectronin amagneticield canbewritten:

=3 T
(2.1) {(0-P)+mc0 —E}Lp:O.
Hereo indicatesa vectorwith the PauL1 matricesascomponentsandP is the operator
2.2) B —ihD+§A,
for the quantitiesof motion (canonicamomentum)andT is the operator
.0
(2.3) T= |ha+e¢,

for thekinetic enegy of theelectron.
Thesolutiony of thefirst orderDIRAC equationcanbe givenin the form:

= T
(2.4) L|J={(0-P)+mcu4+E}W,
whereW satisfieghe secondrderdifferentialequation:
~ T2 i
(2.5) {P2+mzc2—?+%(o-f))—%h(c-e)}w:o,

thatcanalsobe giventheform:
(2.6) h’AY =0,
wherethe operator/\ is definedas:
A= —ow— 2 (F.ops 2N
hc c ot

i - &€ . mPc? .
(2.7) {—E(D-A+%aa—c:))+h2—C2(A2—CD2)+h—§}kP+{(0-ﬁ)—|(0-€)}kP.

The solutionto Eqg. (2.5) canbe castin the form of a definite integral with a help-
variablet:

2.8) W= / Fdr.

c
Theequationfor W will besatisfiedjf F satisfieghe differentialequation
(2.9) LALIJ = iha—F

2m ot’
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andtheintegrationlimits (or theintegrationpathonthecomplex t-plane)is sochosenthat
thecondition:

(2.10) /—dr—F|c:0,

is satisfied.

As will turnout below, the variablet playstherole of the eigentime.Eq. (2.9) canbe
seentherefore asthe Dirac eguation with the eigentime.

We set

(2.11) F — ebSt; W:/e}iﬁsfdr,
(]

whereSis theclassicabctionfunctionthatsatisfie€q. (1.12).In orderto gettheequation
for f, we note,that

(212) /\F:eihs/\/f; Ihg—F: hs<|hﬂ_a_sf) ,

holds, where A’ comesfrom A if one replacesA with A+ (e/c)0JS and ® with & —
(1/e)0S/at. As a consequencef the differentialequationfor S, the termswith hin Eq.
(2.9)arengyligible andonecanwrite anequationfor f of theform

(2.13) 2mg+{DS+ (D A+}a£>}f+§{i(0-ﬁ)+(a-c§)}f:ih|]f.

dt ot
Heredf /dt denoteghefull derivative with respecto, 1.e.,
df of of
(2.14) pralem +7- Df+ta )

wherer,t areto be understoodn their classicaimeaningsy.e.,

0S e
<6x+ Ax), etc,

: 1 [0S

82.2 Eq. (2.13) can be treatedadvantageouslywith the methodfrom BRILLOUIN-
WENTZEL. Sometimesfor example,with constantielectricand magneticfields, onecan
find the exact solutionin this way. The constanth appearonly on the right side of the
equation If theright sideis ignored,thenonegetsthe equation:

dt ot

for whichthesolutionis identicalwith the solutionfrom the usual(not partial) differential
equation.

In Eg. (2.16) one canexpungethe term with the 0. Let us denotewith p the abso-
lute value of the fourth orderdeterminantderived from the secondifferentialsof Swith
respecto r,t andr?,t° (or the correspondingonstantf integration)asfollows:

2

x|

Thequantityp satisfieghe ‘continuity equation’:

ap 0 o, .
+ 55 (P7) + 5 (p) =

(2.16) omdl 4 {DS+ (D A+ }03)} f+ g{i(o-fj) +(a-€)}f =0,

(2.17) p = Det

(2.18)
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wheref,t have the meaninggiven above by Eq. (2.15). From this it follows that the
quantity,/p satisfiegheequations

dy/p e - 109 _
If onesets
(2.20) f=/pfo,
then fO satisfiegin the approximatiorbeingused)the following differentialequation
fO
(2.21) 2m%—r+§{i(0-5§)+(0-€)}f0:0.

For the casein which the fields are constantone cantake it, that f© dependsonly onr,
andnotfromr,t. ThenEq. (2.21)becomesan ordinarydifferentialequatiorwith constant
coeficients. Sincein this casep too dependonly on T, it follows, thatCOf = 0, andthe
approximationEg. (2.16),coincideswith the exactequation Eq. (2.13). Thus,usingthis
methodonegetsanexactsolution,which will begivenagainbelow in §2.5,p. 11.

The generalcaseof an arbitraryfield canbe handledin the following manner With
helpof Eq. (1.16)for theclassicalorbits,r,t areto be expressedn termsof T andinserted
into $ and€&. Thecoeficientsin Eq. (2.21)will befunctionsof T alone.In thetherawith
derivedsystemof ordinarydifferentialequationswith variablecoeficients, p° andp? are
to bereplacewith Egs.(1.16). Theresultwill be,finally, thesoughtsolutionfor the system
of equations.

If onereplacesSwith S* in ourformulas(Eq. (1.17),thenonegetsa generalizatiorof
PAULI's results! wherethe BRILLOUIN-WENTZEL methodwasfirst employed for solv-
ing the DIRAC equation. PAuLI’s expressionsare considerablymore complicated how-
ever, becausen his investigationshe usedthe first orderinsteadof secondorder DIRAC
equation.

Additionally, the following is to be noted:if theintegral Eq. (2.11)is evaluatedusing
the saddlepoint method,the valuesof S underthe integral are thosewheredS/dt = 0,
whichis theusual(l.e.,withoutt) function S*.

§2.3 The form of the solutionof the DIRAC equationderived herein(asa definitein-
tegral over the eigentimet) is particularly corvenientfor studyof the CAucHY problem
(1.e.,theinitial valueproblemfor ).

Let @ be a solutionof the first order DIRAC equation,Eq. (2.1) satisfyingthe initial
conditions:

(2.22) p=y°% whent=t°

In orderto determinay, it is sufficientto find asolutionto thesecondrderDIRAC equation
AY = 0, which satisfiegheinitial condition

(2.23) Y=0; ‘Z—T:—i—;m"zwo fort =t°.
Thefunction ¥ canbeformulatedasanintegral

(2.24) W= / owav,

where

(2.25) dV = dr® = dx%dy’dZ.

IpauLt, W., Helvetica Physica Acta, 5, 179(1932).
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Y is herea givenfunctionof r%,t%, andQ is a functionof bothr,t andr®,t°. Let usdefine
¢ as

(2.26) E=c2(t—192— (P—70)?
anddefinethe helpfunction,y(g) by:
y(§) =1for§ >0
(2.27) y() =3for&=0
y(§) =0forg <0
for which thedifferentialy (§) = &(%), 1.e.,the DIRAC deltafunction.

ThequantityQ in theintegral Eq. (2.24)is animproperfunctionof theform
(2.28) Q=RY(§) +R3(¢),

whereR andR* arecontiniousfunctions,andR is the so-calledRIEMANN function.
PuttingEq. (2.28)for Q into Eq. (2.24),yieldsfor W a sumof two integrals

.0 .0
(2.29) w— / RW y(E)dV + / RW () V.
Thefirstintegralis avolumeintegral overV, thesphere:

Rt —t%2 - (F~7)2 >0,

of radiusr* = |t —t°| centeredat ™ = . The secondintegral is an areaintegral on the
surfaceof thesphere

At —t92 - (r-)2 =0.
If oneeliminatesthe non-constanandcomplex functionsy(§) andd(§) from Eq. (2.29),
thenin factonegets:

.0 .0
(2.30) w:/ RY dv+i/R*w ds,
v 2r* Js

Sincefor t — t° theradiusr* of the spheregoesto null, sothatobviously W = 0 for t =t°.
Moreover for t = t° the time differential of the volume integral vanishes. The surface
integral, however, for smallt —t% > 0 equals

1 .0 .0 0 . 0
(2.31) F/R*Lp dS=2m* (R'W )o = 2me(t — tO) (R°W )o.
s

Thus,

oW 0
(2.32) <_> = 2R

0t /1040
whereRy is thevalueof Rat? = 9,t = t°. Theinitial conditionEq. (2.23)if we set

1

2. T
(2.33) Ro= 5=

independendf thethe coordinatesandtime.
The function W mustalsosatisfythe secondorder DIRAC equation. The function Q,
therefore mustalsosatisfythis equation.It mustbetrue,that

(2.34) AQ = A(RY(E) + R'5(§)) = 0,

Consideringhefollowing equations:
(2.35) Oy(&) = —45(¢),
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(2.36) 0o(§) =0,
then carrying out the differentiationindicatedin Eq. (2.34) givestermsthat containthe
factorsy(§),06(§),d (€). If onedefinesanoperatoM by

oF e

(2.37) MF = (7 —7°)-OF +(t —tO)E + h—c{(r—ro) A—ct—tODIF,

thenEg. (2.34)canbewritten
(2.38)  A(RY() +R3(€)) = (ARY(E) + {AR" + 4(M + 1)R}3(€) + 4(MR")&'(£).
This expressiornvanishesif

(2.39) AR=0,

1
(2.40) (M+1R=—2AR’,
(2.41) MR* = 0.

It turnsout, thatEq. (2.40)is satisfiedon thelight cone:& = 0.
A solutionfor Eqg. (2.41)is easilygiven. If onetakestheintegral
-
2.42 = A-dr— cddt),
(2.42) X (ro,tO)( )
alongaline joining r°,t% andr,t, then
(2.43) F—70)-Ox+ (t—t%)x = (F—7°)-A—c(t —t°) .
Thus,thefunction
1 ie
2.44 R = —e nX
(2.49) Se X,

satisfieshothEgs.(2.41)and(2.33),the equationdeterminingR.
With this value of R* Eqgs. (2.39) and (2.40) give equationsto solve for R. These
equationcanbe simplifiedwith the supposition

1 ie
2.45 R= ——e hXR.
(2.45) 5€

This substitutiorhasthe effect thatthe potentialA, ® is replaceby

S o 10y
2.4 A=R-0Ox ®=0+=2,
(2.46) Xi @ =0+
If A, ® satisfy
(2.47) OA=0; O®=0; D-A+%%—?=O,

thensodo A, @; moreover, thefollowing relation,derivedfrom Eq. (2.43),alsoholds:

(2.48) F—0)-A—ct—t% =0.
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The new potentialis uniquely determinedby the fields. If one denotesby a double
overlinethe ‘average’betweerthe pointsr?,t° andr,t of f ascomputedby:

— 1

(2.49) T=2/ F(P+ (P—P)u, t+ (t — t°)u)udu,
0

then,thefollowing alsohold:

A= _%[(r’_ro) x 9] — %c(t—to)e‘i,

(2.50) @ = —%(r—ro) €.

After the substitutionof Eq. (2.45),1.e.,aftertheintroductionof the nen potentials Eqs.
(2.39)and(2.40)take thefollowing form:

(2.51) NR =0,

B O A 1 le .
(2.52) (L+1)I¥_—‘—1/\ 1__Z{V+W(A —P )}—ZR{(O'-ST))—I(O'-G)},
wherelL is definedby:
(2.53) Lf =(F—7°)-0f + (t—t9f,

(it couldhave beendenotedV’, asit wasobtainedfrom M with the new potentials).

Eq. (2.52)deliversnot only the value of (L + 1)R for & = 0, ratheralsothe value
of R for £ = 0. If one considersa function f(F,t) asa function of both the quotient
(x—=x0): (y—y?) : (z—2) : c(t —t°) andthe quantity&, andif oneassumeshatfor & — 0
also&(0f/08) — 0, thenthevalueof (L+ 1) f for § = 0 is determinedrom thevalueof f
for & =0, andvisaversa.

Let usconsideranequation

(2.54) (L+p)=0(1),
wherep is apositive wholenumber A solutionof this equationis:

(2.55) f(rD) = /Ol¢(?°+ (F=T0)u, 2+ (t— t%)u)uP~du.

Theonly regularsolutionfor theequation(L + p) f = 0in theneighborhooaf 7 =7?,t =1t°
is f = 0. For positive p thefunction f is determinedollowing Egs. (2.54)and(2.55). If
onesetst in Eq. (2.54)equalto theright sideof Eq. (2.52),thenonegets,with help of
Eq. ( 2.55),thevalueof the RIEMANN functionon thelight cone.

§2.4 As resultsfrom the classicalstudy from HADAMARD?, The RIEMANN function
for ahyperbolicdifferentialequatioris closelyrelatedto its fundamentatolution(solution
élementaire) Thefunction 1/r is anexampleof a fundamentabolutionfor the LAPLACE
equationjustas

1

V== (07— Y=y

2L ADAMARD, J., ‘Le probEmede CAUCHY etleséquationsaux dérivéespartielleslinéairshyperboliques,
(HermannpParis,1932).
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is afundamentakolutionfor thewave equation:

X2 ay2 cat?’

The fundamentalkolution to a hyperbolicdifferential equationhasa singularity on the
characteristiccone, that dependson the form of the equation. When there are an odd
numberof independentariables,the fundamentakolutionis determineduniquely On
the otherhand,if the numberof independenvariablesis even,thenthereexists ainfinite
numberof fundamentakolutions;thesesolutionshave alogarithmicsingularityfor which
the coeficientof thelogarithmis the RiIEMANN function. A fundamentasolutioncanalso
be found for parabolicdifferential equations;they can be obtainedfrom the hyperbolic
or elliptical casedy ‘boundarytransgressionsAn elementaryexamplefor the parabolic
equationis thefunction
u= 1 e“xl_i
\/y )
thatis the fundamentasolutionfor the equationd?u/dx? = du/dy.
Following theseintroductorycommentslet usturn to the DIRAC equation.The RIE-
MANN functionfor thesecondrderDIRAC equationcanbe putin theform of anintegral
overtheeigentimet:

(2.56) Rz/FdT,

whereF representthefundamentakolutionof the DIRAC equationwith eigentime:
h2 oF

2.57 —ANA\F =ih—.

2:57) 2m ! ot

In this equationx,y, z t,T aretheindependentariables;and,sincethis is anodd number
thereis a uniquefundamentatolution.

We seekto find the solutionnow in the neighborhoodf the singularpoint t = 0. For
this purposewe usethe Ansatzintroducedabove:

(2.58) F = erSf,

andexpandbothSand f in seriesof powersof 1. ThefunctionS satisfiegshe HAMILTON-
JacoBl equationEq. (1.12),with eigentime.Puttingthe series

S
(2.59) SZT1+So+Slr+&r2+---,
into this equationgivesdirectly:
1 /0S4 2
2 S e =
(2.60) (0S.1) 2 ( o ) 2mS._;.
Thus,we canset:
@261) Sa= o —rP -~ (-t = e,

With this valueof S_3, theequationfor S becomes:

(2.62) (P—70). 0+ (t —to)aa—sto = —g{(r—ro) A—c(t—t%)o}.
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Up to thefactorof —e/c, this equationagreeswith thatfor x , 1.e.,Eq. (2.43). Thus,one
gets:
7t

e e (M -
(2.63) S=—x= —E/ro’to(A- dF — cdt).
Finally, theequationfor S is:

_ 1 2 eZ 12 12
(2.64) (L+1)Sl_—%{mzc +5(RZ2-0%) 0,

whereinL is givenby Eq. (2.53). The solutionof this equations obtainedwith the help of
Eq. (2.55). Furthertermsof the seriesEq. (2.59)aredeterminedy equationf theform:

where¢,, is known, solong asthe preceedingermis known. In this way we getthefull
solutionfor S:

m e 1 et .
(266) S:—E—EX—EWZT—W/O (A/2_¢12)du+

In thefield free casethis formulayieldsthe exactsolution.
Eq. (2.16)canbesolvedanalogously:

(2.67) =S [i6-9)+ (0 €)du+

. = e Jo cep
Now we mustinvestigatenhow to selecttheintegrationpathfor theintegral:
(2.68) R:/elhsfdr,

sothatit yieldsthe RIEMANN function. Eq. (2.68) evidently satisfiesthe secondorder
DIRAC equation.In orderthatit coincidewith the RIEMANN function, eitherof thecondi-
tions,Eq. (2.40)or (2.52)mustbemet. We shallseekto shaw, thatthatis preciselythecase
if theintegrationpathis a smallcircle aboutthe point § = 0 in the complec t-plane. We
obseneto begin, thatfor & = 0 theactionfunction S hasno poles,sothatthe pointt = 0
is not a substantiakingularpoint for the integrand. Thus, the integral can be evaluated
simply by it residueatthe polet = 0.
In thevicinity of T = 0, theintegrandequals(for & = 0)):

(2.69)
ie i 2 e2 1 - 1 .
F = g EX [1‘%T_2|r1n22/0 (A'Z_qnfz)du_%:/o (|(0-5‘3)+(0-03))du+...].

FromEqg. (2.45)we get:

2.7 R= —— e RXR

(2.70) =€ R,

with

hc f1[mPc? €& -, . € .
(2.71) R'_ZTIZCE A [V+W(A - ¢ )+R((0'5)_|(0'€))] du.
Eq. (2.52)is satisfiedf theconstantC is setequalto:
m
(2.72) = —g2he’

With this valueof C, Eq. (2.68)really is the RIEMANN function.
With a suitableselectionof integration path one cangetthe fundamentakolution for
thesecondrderDIRAC equationfrom Eq. (2.68).
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This fundamentasolutionfor theequatiorAU = 0, hasthe form:
1 R* .
(2.73) U= = [RIg|E|+ f ] +U",
whereRandR* havetheirearliermeanind RistheRIEMANN function,R*is theexpression
Eq. (2.44)]. ThefunctionU* in Eq. (2.73),in the neighborhoodf & = 0, is regular; it is
subjectednly to the condition,thatthewhole expressiorEg. (2.73) satisfieghe equation
AU = 0. This conditionobviously is insufficient to determinelJ * uniquely;indeed there
are variousfundamentakolutions,distinguishedone from anotherby the value of their
regularpart,andwhich canbederivedfrom theintegral Eq. (2.68)by variousselectionf
integrationpath. The ambiguityof the fundamentakolutionscorrespondso thefact, that
thenumberof independentariablesfor the eigentime-freéDIRAC equationis even.
§2.5As anexample,let us examinethe motion of an electronin constantelectricand
magneticfields andcalculatefor this casethe RIEMANN function. To simplify the calcu-
lationwe limit oursehesto caseof parallelfieldsalongthe z-axis.
If thepotentialsaresetto

1 1
(2.74) Ac=—2Hy, Ay=—JHX A,=0; ®=—Ez

thentheLagrangiarfunction,Eq. (1.6),correspondingo the classicakquation®f motion
is easilydetermined.If the expressiorfor the actionintegral, Eq. (1.7),is formed,thenit
is found,that

(2.75)

o L o €E. . o2 24 .0 €ET  eH ¥0)2 2] e BT
S=% >me r+4c[(z )22t t)]coth P [( X024+ (y—yP) ]COthc’
whereS is the T independengxpression
(2.76) So———x———(z+zo)(t—t xy yox).

2
Consideringthe Eqg. (2.13)for f, leadseasilyto the |nS|ght, thatthis equationcanbe
satisfiedoy afunction f dependanonly ont, sothatdf = 0. Then,Eq. (2.13)reducego
(2.16) (alreadytransformednto Eq. (2.21)). Thedeterminanp is, in in this case gqualto

const
2.77 —_————
@70 sm2 HT sink? L7
andthesolutionto Eq. (2.21)would be:
ie e
(2.78) exp[ chcz T choz t]

If the constantfactorin f is determinedaccordingto Eq. (2.72),thethe expressiorfor f
becomes:

m eH eE fO
(2.79) f=—-s—- (—) (—) ——
grthc \2mc/) \2mc/ sin&l sinh gl
With this valuefor f, theintegral, Eq. (2.68),i.e.,
R:/e*iisfdr,

whenevaluatedover a smallcircle aboutt = 0, givesthe RIEMANN functionfor the con-
sideredproblem.
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In the specialcasefor whichtherearenofields,onegets:

. m 1 o m 1 5
(2.80) f=—%enc =" 2™F"
andtherefrom:

m ime _ imc2t AT m mc
2.81 R= ——— - 2ht T 2h — — — i
(2.81) 8n2hc/e i i T 4T|h\/§‘]l( h \/E)’

while the quantityR* hasthe constantvalue1/2rc. In the presencef fields the function
Q of thegeneraltheoryequals:

(282) Q=- " JE) WE) + 55,

™
3. APPLICATION TO POSITRON THEORY

Thefundamental®f DIRAC’s formulatior? of thetheoryof positronsproposeshe no-
tion of a “mix ed density” for the distribution of electronsinto positive andnegative ener
gies.

DiRAC considerednixeddensitief two types:namelyR; andRg;

unoc.

OocC. unoc.
In theseformulas Y(¥,t,{) denotesthe wave function of an electrondependanbn the
coordinated’, thetimet andspin{ (eigervalueindex). The sumsareover anindex (state
number)which is heresuppressedThe first sumis over all occupiedstatesthe second
overunoccupiedstates.

DirAcC calculated by directly summingthe expressionsEgs. (3.1) and(3.2) for the
field free case;and,theninvestigatedheir singularitieson the light cone. Thenhe con-
structedan analogue®xpressiorfor the caseof arealisticfield anddeterminedheir sin-
gularitiesby the stipulation,thattheseexpressionsatisfythe wave equationandthatthey
gooverto thepreviousexpressiorfor vanishingfields.

We seeknow to shaw thattheseguantities Eqgs. (3.1) and(3.2),arepreciselythose that
arisein CAucHY'stheoryof hyperbolicdifferentialequations.

Let us considerfirst Eq. (3.2). The quantityRe with respecto the variables{ and°
canbewritten asamatrix:

(3.3) (7, t|Re[70,t°) = Re (T, 1).
This expressiongconsideredisa functionof ¥ andt, satisfiegshe DIRAC wave equation:

=, T
(34) {(O'P)+m04—E}R|: :O7
andreducesfor t = t°, to theunit operator:

(3.5) Re =3(F—79), for t=tC.

Egs.(3.4)and(3.5)uniquelydeterminghefunctionR;. Oneneednot,thereforecalculate
thesamething by directsummationthe functionRe canbe moreeasilydeterminedasthe
solutionto CAUCHY's problem.

3DIRAC, P. M. A., Proc. Cambr. Phil. Soc. 30, 150(1934).
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ThefunctionQ, determinedabove, Eq. ( 2.26),satisfieghe seconcorderDIRAC equa-
tion andtheinitial condition

(3.6) Q=0; %—?za(r—r‘)) FOR t =t°.
Fromthisit follows, thatthe expression

(3.7) R1=—%{(0-5)+m04+%}Q,
with

(3.8) Q=Ry(&) +R'3(2),

satisfieEqgs.(3.4)and(3.5).
The DIRAC functionRg is therebyexpressedn termsof the RIEMANN function.
Concerninghe other DIRAC function, Ry, it canbe expressedn the samemannerby
thefundamentabolution,U, similarto Re usingQ. We have:

(3.9) Ry = —i%:{(o-lf’)+nwcc4+%}u,
with

1 R,
(3.10) U= = [RIn|E|+?] +U™

Eq. (3.9) canbe consideredhe fundamentatolutionto thefirst orderDIRAC equation.

An unambiguougieterminatiorof Ry is possibleonly with help of initial conditions,
madewith physicalassumptions.One could, for example, demandthat for t = t°, all
negative enegy statesof the electronare occupiedandall positive statesunoccupied As
is to be seenfrom theoriginal definitionof Ry, Eq. (3.1),in the (assumedegative) kernel
of the operatorfor t = t° mustgo over to the sign of the kinetic enegy. If onesolvesthe
DirAc equationwith this initial condition,onegetsthe valueof the mixed densityR; for
all't > t°.

Finally, thereis a questionof physicalinterpretationof the mixed densityto address.
Whichtermsin this expressiorhave physicalmeaning?IRAC, aswell asHEISENBERG?,
suggestonsideringthe physicalpartto be that obtainedby subtractingthe singularities
from thetotal expression.This schemeannot be takenascorrectasit is fartoo arbitrary
We believe that only the uncertaintyprinciple canbe acceptedas a reliable criterion for
decidingthis question. For the consideredroblemthe demandsf the uncertaintyprin-
ciple areto be understoodasfollows: Only thosetermscanhave physicalmeaningwhich
remainfinite for h — 0 andareon the light cone,i.e., § = 0,;remainingtermsareto be
disrggardedas meaningless.This assumptions verified by study of the polarizationof
the vacuum which hasbeenconsideredy variousauthors(See®.) The additionalterms
are calculatedby theseauthorsform a seriesin powersof h. This situationindicatesthe
applicabilityto this problemof the methodfrom BRILLOUIN-WENTZEL discussedh §2.
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