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ABSTRACT. In §1 it is shown, that in the Hamiltonianformulationof nonquantumrela-
tivistic mechanicsthe eigentimeτcanbe usedasthe independentvariableif a new form
of theLagrangianis employed. In §2, eigentimewill beintroducedinto theDIRAC equa-
tion, and a meansof integrating this equationbasedthereonintroduced. With the aid
of this method,the CAUCHY problemwill be treated. In addition,a generalizationand
simplificationof PAULI ’sapplicationof theWENTZEL-BRILLOUINschentechniqueto the
DIRAC equationwill beintroduced.In §3 themixeddensityin thepositrontheorywill be
expressedin termsof the fundamentalsolution(solutionélémentaire)andthe RIEMANN

functionof theDIRAC equation.

1. CLASSICAL MECHANICS

§1.1Let L0 betheusualLAGRANGE functionfrom which therelativistic equationsof
motionfor a testchargein anexternalfield areto bederived.L0 is thoughtto be

(1.1) L0 ��� mc2
�

1 � β2 � e
c ���r � �A �
	 eΦ �

where

(1.2) β2 � �r �
� �r �
c2 �

andwhereprimesindicatedifferentiationwith respectto time. If now oneintroducesthe
eigentime:

(1.3) τ ��� t

t0

�
1 � β2dt �

thentheactionintegral�������
(1.4) S ��� t

t0
L0dt �

for which variationshouldyield theequationof motion,canbewritten in theform:

(1.5) S ��� τ

0
L0 dt

dτ
dτ �

Here, however, as the upperlimit τ dependson the form of the orbit, its variation too
mustbe taken into account;the consequenceis thateigentimeτ cannotbeconsideredan
independent(nonvariated)variablein a variationprinciple in the LAGRANGian function
L0dt � dτ.

§1.2.Onecan,however, introduceanew Lagrangian,of theform:s

(1.6) L � 1
2

m � .r2 � c2 .
t
2 � � 1

2
mc2 � e

c � .�r � �A ��	 e
.
tΦ �

1



2 V. A. FOCK

whereoverdotsindicatedifferentiationby the independentvariableτ (thequantityτ will
turnout laterto beidenticalwith theeigentime).

Variationof theintegral

(1.7) S � � τ

0
Ldτ �

with theupperlimit τ heldfixed,thenyieldsthe“equationsof motion”:

d
dτ

∂L

∂ .
x
� ∂L

∂x
� 0 � etc���

(1.8)
d
dτ

∂L
∂t
� ∂L

∂t
� 0 �

As L is not explicitely dependanton τ, theseequationshavetheintegral:

(1.9)
.
r
2 � c2 .

t
2 � const�

Settingtheconstantequalto � c2 i.e.,

(1.10)
.
r
2 � c2 .

t
2 ��� c2 �

yieldsanequation,accordingto which theindependentvariableτ is identicalto eigentime;
and,Eqs.(1.8) reduceto theusualrelativistic equationsof motion.

In view of Eq. (1.10),then:

(1.11) L � L0 dt
dτ
�

whereL0 hasthesamemeaningasin §1.1.Thatis, theactionintegralEq. (1.7) is numeri-
cally identicalwith Eq. (1.4).

§1.3 With the LAGRANGian function, Eq. (1.6), onecaneasilyobtain HAMILTON’s
equationsof motion,aswell asthe HAMILTON-JACOBI partialdifferentialequation.The
latterhastheform:

(1.12)
∂S
∂τ
	 1

2m ��� ∇S 	 e
c �A � 2 � 1

c2 � ∂S
∂t
� eΦ � 2 	 m2c2 � � 0 �

In thetheoryconsideredherein,r� t play therole of coordinatesandτ playsthesamerole
astime in non relativistic mechanics.Therefore,onemay directly apply equationsfrom
classicalmechanicsin this theory.

If theactionintegral,Eq. (1.7),is expressedin thevariablesr� t � r0 � t0;τ, onegets:

(1.13) S � S � r� t;r0t0;τ ���
in which τ canbetakenasoneof theindependentvariables.Thepartialdifferential∂S � ∂τ
is, asa consequenceof theequationsof motion,aconstantwhich if setequalto null, 1.e.,

(1.14)
∂S
∂τ
� 0 �

onegetstheconditionEq. (1.10)for theeigentime.
The momentumvariables‘conjugate’ to r� t, aswell astheir initial values,canbe ex-

pressedaspartialderivativesasfollows:

(1.15) �pr
� ∇S; pt

��� H � ∂S
∂t

;

(1.16) �p0
r
��� ∇ �r0S; p0

t
��� H0 � � ∂S

∂t0 �
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If Eq. (1.14) is solved for τ andits valueput into in Eq. (1.13)for S, onegetsthe usual
actionfunction

(1.17) S � S ! � r� t � r0 � t0 ���
This leads,with Eq. (1.14),obviously to

(1.18)
∂S !
∂ �r � ∂S

∂�r 	 ∂S
∂τ

∂τ
∂�r � ∂S

∂ �r �
Theeliminationof τ, however, is quite inconvenient.For example,for theproblemof

anelectronin constantelectricandmagneticfields,S (with τ) is elementary, while thereis
noclosedform for S ! .

2. EIGENTIME IN THE DIRAC EQUATION

§2.1TheDIRAC wave equationfor anelectronin a magneticfield canbewritten:

(2.1) " � σ � �P ��	 mcσ4
� T

c # ψ � 0 �
Hereσ indicatesa vectorwith thePAULI matricesascomponents,and �P is theoperator

(2.2) �P � � ih∇ 	 e
c �A �

for thequantitiesof motion(canonicalmomentum)andT is theoperator

(2.3) T � ih
∂
∂t
	 eΦ �

for thekinetic energy of theelectron.
Thesolutionψ of thefirst orderDIRAC equationcanbegivenin theform:

(2.4) ψ � " � σ � �P ��	 mcα4 	 T
c # Ψ �

whereΨ satisfiesthesecondorderdifferentialequation:

(2.5) " �P2 	 m2c2 � T 2

c2 	 eh
c � σ �%$&� � ieh

c � σ ��'(� # Ψ � 0 �
thatcanalsobegiventheform:

(2.6) h2ΛΨ � 0 �
wheretheoperatorΛ is definedas:

ΛΨ � �*) Ψ � 2ie
hc � �A � ∇Ψ 	 Φ

c
∂Ψ
∂t
� 	

(2.7) " � ie
hc � ∇ � �A 	 1

c
∂Φ
∂t
�+	 e2

h2c2 � �A2 � Φ2 ��	 m2c2

h2 # Ψ 	-, � σ �%$&� � i � σ ��'(�/. Ψ �
The solution to Eq. (2.5) canbe cast in the form of a definite integral with a help-

variableτ:

(2.8) Ψ � �
C

Fdτ �
Theequationfor Ψ will besatisfied,if F satisfiesthedifferentialequation

(2.9)
h

2m
ΛΨ � ih

∂F
∂τ
�
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andtheintegrationlimits (or theintegrationpathonthecomplex τ-plane)is sochosen,that
thecondition:

(2.10) �
C

∂F
∂τ

dτ � F 0C � 0 �
is satisfied.

As will turn out below, thevariableτ playstherole of theeigentime.Eq. (2.9) canbe
seen,therefore,astheDirac equation with the eigentime.

We set

(2.11) F � e
i
h S f ; Ψ � �

C
e

i
h S f dτ �

whereS is theclassicalactionfunctionthatsatisfiesEq. (1.12).In orderto gettheequation
for f , we note,that

(2.12) ΛF � e
i
h SΛ � f ; ih

∂F
∂τ
� e

i
h S � ih ∂ f

∂τ
� ∂S

∂τ
f � �

holds, where Λ � comesfrom Λ if one replaces �A with �A 	 � e � c � ∇S and Φ with Φ �� 1� e � ∂S � ∂t. As a consequenceof the differentialequationfor S, the termswith h in Eq.
(2.9)arenegligible andonecanwrite anequationfor f of theform

(2.13) 2m
d f
dτ
	 " ) S 	 e

c � ∇ � �A 	 1
c

∂Φ
∂t
� # f 	 e

c
, i � σ �%$&��	 � α ��'(��. f � ih ) f �

Hered f � dτ denotesthefull derivativewith respectto τ, 1.e.,

(2.14)
d f
dτ
� ∂ f

∂τ
	 .�r � ∇ f 	 .

t
∂ f
∂t
�

where
.
r � .t areto beunderstoodin their classicalmeanings,1.e.,

.
x � 1

m � ∂S
∂x
	 e

c
Ax �+� etc���

(2.15)
.
t � � 1

mc2 � ∂S
∂t
� eΦ � �

§2.2 Eq. (2.13) can be treatedadvantageouslywith the methodfrom BRILLOUIN-
WENTZEL. Sometimes,for example,with constantelectricandmagneticfields,onecan
find the exact solutionin this way. The constanth appearsonly on the right sideof the
equation.If theright sideis ignored,thenonegetstheequation:

(2.16) 2m
d f
dτ
	 " ) S 	 e

c � ∇ � �A 	 1
c

∂Φ
∂t
� # f 	 e

c
, i � σ �%$&��	 � α ��'(�/. f � 0 �

for which thesolutionis identicalwith thesolutionfrom theusual(notpartial)differential
equation.

In Eq. (2.16) onecanexpungethe term with the ) . Let us denotewith ρ the abso-
lute valueof thefourth orderdeterminant,derivedfrom theseconddifferentialsof S with
respectto r� t andr0 � t0 (or thecorrespondingconstantsof integration)asfollows:

(2.17) ρ � Det 1111 ∂2S
∂x∂y0 1111 �Thequantityρ satisfiesthe‘continuity equation’:

(2.18)
∂ρ
∂τ
	 ∂

∂�r � � ρ .�r ��	 ∂
∂t � ρ .

t � � 0 �
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where
.
r � .t have the meaninggiven above by Eq. (2.15). From this it follows that the

quantity 2 ρ satisfiestheequations

(2.19) 2m
d 2 ρ
dτ
	 " ) S 	 e

c � ∇ � �A 	 1
c

∂Φ
∂t
� # 2 ρ � 0 �

If onesets

(2.20) f � 2 ρ f 0 �
then f 0 satisfies(in theapproximationbeingused)thefollowing differentialequation

(2.21) 2m
d f 0

dτ
	 e

c
, i � σ �%$&��	 � σ ��'(��. f 0 � 0 �

For the casein which the fields areconstant,onecantake it, that f 0 dependsonly on τ,
andnot from r� t. ThenEq. (2.21)becomesanordinarydifferentialequationwith constant
coefficients. Sincein this caseρ too dependsonly on τ, it follows, that ) f � 0, andthe
approximation,Eq. (2.16),coincideswith theexactequation,Eq. (2.13).Thus,usingthis
methodonegetsanexactsolution,which will begivenagainbelow in §2.5,p. 11.

The generalcaseof an arbitraryfield canbe handledin the following manner. With
helpof Eq. (1.16)for theclassicalorbits,r� t areto beexpressedin termsof τ andinserted
into $ and ' . Thecoefficientsin Eq. (2.21)will befunctionsof τ alone.In thetherewith
derivedsystemof ordinarydifferentialequationswith variablecoefficients, �p0 andp0

t are
to bereplacewith Eqs.(1.16).Theresultwill be,finally, thesoughtsolutionfor thesystem
of equations.

If onereplacesS with S ! in our formulas(Eq. (1.17),thenonegetsa generalizationof
PAULI ’s results,1 wherethe BRILLOUIN-WENTZEL methodwasfirst employedfor solv-
ing the DIRAC equation.PAULI ’s expressionsareconsiderablymorecomplicated,how-
ever, becausein his investigationshe usedthe first orderinsteadof secondorderDIRAC

equation.
Additionally, the following is to benoted: if the integral Eq. (2.11) is evaluatedusing

the saddlepoint method,the valuesof S underthe integral are thosewhere∂S � ∂τ � 0,
which is theusual(1.e.,without τ) functionS ! .

§2.3The form of the solutionof the DIRAC equationderivedherein(asa definitein-
tegral over the eigentimeτ) is particularlyconvenientfor studyof the CAUCHY problem
(1.e.,theinitial valueproblemfor ψ).

Let ψ be a solutionof the first orderDIRAC equation,Eq. (2.1) satisfyingthe initial
conditions:

(2.22) ψ � ψ0; whent � t0 �
In orderto determineψ, it is sufficienttofindasolutionto thesecondorderDIRAC equation
Λψ � 0, which satisfiestheinitial condition

(2.23) Ψ � 0;
∂Ψ
∂t
� � ic

h
ψ0 � .

Ψ
0

for t � t0 �
ThefunctionΨ canbeformulatedasanintegral

(2.24) Ψ � � Q
.

Ψ
0
dV �

where

(2.25) dV � dr0 � dx0dy0dz0 �
1PAULI , W., Helvetica Physica Acta, 5, 179(1932).
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.
Ψ is herea givenfunctionof r0 � t0, andQ is a functionof bothr� t andr0 � t0. Let usdefine
ξ as

(2.26) ξ � c2 � t � t0 � 2 � �3�r � �r0 � 2 �
anddefinethehelpfunction,γ � ξ � by:

(2.27)
γ � ξ � � 1 for ξ 4 0
γ � ξ � � 1

2 for ξ � 0
γ � ξ � � 0 for ξ 5 0

for which thedifferentialγ � � ξ � � δ � ξ � , 1.e.,theDIRAC deltafunction.
ThequantityQ in theintegralEq. (2.24)is animproperfunctionof theform

(2.28) Q � Rγ � ξ ��	 R ! δ � ξ �6�
whereR andR ! arecontiniousfunctions,andR is theso-calledRIEMANN function.

PuttingEq. (2.28)for Q into Eq. (2.24),yieldsfor Ψ a sumof two integrals

(2.29) Ψ � � R
.

Ψ
0
γ � ξ � dV 	 � R ! .

Ψ
0
δ � ξ � dV �

Thefirst integral is avolumeintegral overV , thesphere:

c2 � t � t0 � 2 � ���r � �r0 � 2 7 0 �
of radiusr ! � 0 t � t0 0 centeredat �r0 � �r. The secondintegral is an areaintegral on the
surfaceof thesphere

c2 � t � t0 � 2 � ���r � �r0 � 2 � 0 �
If oneeliminatesthenon-constantandcomplex functionsγ � ξ � andδ � ξ � from Eq. (2.29),
thenin factonegets:

(2.30) Ψ � �
V

R
.

Ψ
0
dV 	 1

2r ! � S R ! .
Ψ

0
dS �

Sincefor t 8 t0 theradiusr ! of thespheregoesto null, sothatobviouslyΨ � 0 for t � t0.
Moreover for t � t0 the time differential of the volume integral vanishes. The surface
integral,however, for smallt � t0 4 0 equals

(2.31)
1

2r ! � S R ! .
Ψ

0
dS � 2πr ! � R ! .

Ψ
0 � 0 � 2πc � t � t0 � � R ! .

Ψ
0 � 0 �

Thus,

(2.32) � ∂Ψ
∂t
�

t 9 t0 : 0

� 2πcR !0 .
Ψ

0 �
whereR !0 is thevalueof R at �r � �r0 � t � t0. Theinitial conditionEq. (2.23)if weset

(2.33) R !0 � 1
2πc

independentof thethecoordinatesandtime.
The function Ψ mustalsosatisfy the secondorderDIRAC equation.The function Q,

therefore,mustalsosatisfythis equation.It mustbetrue,that

(2.34) ΛQ � Λ � Rγ � ξ �
	 R ! δ � ξ �;� � 0 �
Consideringthefollowing equations:

(2.35) ) γ � ξ � � � 4δ � ξ �6�
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(2.36) ) δ � ξ � � 0 �
thencarryingout the differentiationindicatedin Eq. (2.34) givestermsthat containthe
factorsγ � ξ ��� δ � ξ �6� δ � � ξ � . If onedefinesanoperatorM by

(2.37) MF < ���r � �r0 �=� ∇F 	 � t � t0 � ∂F
∂t
	 ie

hc
, ���r � �r0 �>� �A � c � t � t0 � Φ . F �

thenEq. (2.34)canbewritten

(2.38) Λ � Rγ � ξ ��	 R ! δ � ξ �;� � � ΛR � γ � ξ ��	-, ΛR !?	 4 � M 	 1� R . δ � ξ ��	 4 � MR !@� δ � � ξ �6�
Thisexpressionvanishes,if

(2.39) ΛR � 0 �
(2.40) � M 	 1� R � � 1

4
ΛR !
�

(2.41) MR ! � 0 �
It turnsout, thatEq. (2.40)is satisfiedon thelight cone:ξ � 0.

A solutionfor Eq. (2.41)is easilygiven. If onetakestheintegral

(2.42) χ ���BA rC t DA r0 C t0 D � �A � d �r � cΦdt ���
alonga line joining r0 � t0 andr� t, then

(2.43) �3�r � �r0 �>� ∇χ 	 � t � t0 � .
χ � �3�r � �r0 �>� �A � c � t � t0 � Φ �

Thus,thefunction

(2.44) R ! � 1
2πc

e E ie
hc χ �

satisfiesbothEqs.(2.41)and(2.33),theequationdeterminingR.
With this value of R ! Eqs. (2.39) and (2.40) give equationsto solve for R. These

equationcanbesimplifiedwith thesupposition

(2.45) R � 1
2πc

e E ie
hc χR � �

Thissubstitutionhastheeffect thatthepotential �A � Φ is replaceby

(2.46) �A � � �A � ∇χ; Φ � � Φ 	 1
c

∂χ
∂t
�

If �A � Φ satisfy

(2.47) ) �A � 0; ) Φ � 0; ∇ � �A 	 1
c

∂Φ
∂t
� 0 �

thensodo �A ��� Φ � ; moreover, thefollowing relation,derivedfrom Eq. (2.43),alsoholds:

(2.48) �3�r � �r0 �>� �A � c � t � t0 � � 0 �
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The new potential is uniquely determinedby the fields. If one denotesby a double
overlinethe‘average’betweenthepoints �r0 � t0 and �r � t of f ascomputedby:

(2.49) f � 2 � 1

0
f �3�r0 	 �3�r � �r0 � u � t 	 � t � t0 � u � udu �

then,thefollowing alsohold:�A ��� 1
2 F����r � �r0 �HG $JI � 1

2
c � t � t0 � 'K�

(2.50) Φ � � � 1
2 ���r � �r0 �>� 'K�

After thesubstitutionof Eq. (2.45),1.e.,after theintroductionof thenew potentials,Eqs.
(2.39)and(2.40)take thefollowing form:

(2.51) Λ � R � � 0 �
(2.52) � L 	 1� R � �L� 1

4
Λ � 1 �M� 1

4
" m2c2

h2 	 e2

h2c2 � �A � 2 � Φ � 2 � # � 1
4

e
hc
, � σ �N$&� � i � σ �O'(�/.��

whereL is definedby:

(2.53) L f � �3�r � �r0 �=� ∇ f 	 � t � t0 � .
f �

(it couldhavebeendenotedM � , asit wasobtainedfrom M with thenew potentials).
Eq. (2.52) delivers not only the value of � L 	 1� R � for ξ � 0, ratheralso the value

of R � for ξ � 0. If one considersa function f �3�r � t � as a function of both the quotient� x � x0 � : � y � y0 � : � z � z0 � : c � t � t0 � andthequantityξ, andif oneassumesthatfor ξ 8 0
alsoξ � ∂ f � ∂ξ �(8 0, thenthevalueof � L 	 1� f for ξ � 0 is determinedfrom thevalueof f
for ξ � 0, andvisaversa.

Let usconsideranequation

(2.54) � L 	 p � � ϕ �3�r � t ���
wherep is apositivewholenumber. A solutionof this equationis:

(2.55) f ���r � t � �P� 1

0
ϕ �3�r0 	 ���r � �r0 � u � t0 	 � t � t0 � u � up E 1du �

Theonly regularsolutionfor theequation� L 	 p � f � 0 in theneighborhoodof �r � �r0 � t � t0

is f � 0. For positive p the function f is determinedfollowing Eqs. (2.54)and(2.55). If
onesetsϕ in Eq. (2.54)equalto the right sideof Eq. (2.52),thenonegets,with helpof
Eq. ( 2.55),thevalueof theRIEMANN functionon thelight cone.

§2.4As resultsfrom the classicalstudyfrom HADAMARD2, The RIEMANN function
for ahyperbolicdifferentialequationis closelyrelatedto its fundamentalsolution(solution
élémentaire).Thefunction1 � r is anexampleof a fundamentalsolutionfor theLAPLACE

equation;just as
1Q

c2 � t � t0 � 2 � � x � x0 � 2 � � y � y0 � 2 �
2HADAMARD, J., ‘Le probl̀emedeCAUCHY et leséquationsauxdérivéespartielleslinéairshyperboliques,’

(Hermann,Paris,1932).
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is a fundamentalsolutionfor thewaveequation:

∂2u
∂x2 	 ∂2u

∂y2
� 1

c
∂2u
∂t2 �

The fundamentalsolution to a hyperbolicdifferential equationhasa singularity on the
characteristiccone, that dependson the form of the equation. When thereare an odd
numberof independentvariables,the fundamentalsolution is determineduniquely. On
theotherhand,if thenumberof independentvariablesis even,thenthereexistsa infinite
numberof fundamentalsolutions;thesesolutionshavea logarithmicsingularityfor which
thecoefficientof thelogarithmis theRIEMANN function.A fundamentalsolutioncanalso
be found for parabolicdifferentialequations;they canbe obtainedfrom the hyperbolic
or elliptical casesby ‘boundarytransgressions.’ An elementaryexamplefor theparabolic
equationis thefunction

u � 12 y
e E x2

4y �
thatis thefundamentalsolutionfor theequation∂2u � ∂x2 � ∂u � ∂y.

Following theseintroductorycomments,let us turn to the DIRAC equation.The RIE-
MANN functionfor thesecondorderDIRAC equationcanbeput in theform of anintegral
over theeigentimeτ:

(2.56) R �P� Fdτ �
whereF representsthefundamentalsolutionof theDIRAC equationwith eigentime:

(2.57)
h2

2m
ΛF � ih

∂F
∂τ
�

In this equation,x � y � z � t � τ aretheindependentvariables;and,sincethis is anoddnumber,
thereis a uniquefundamentalsolution.

We seekto find thesolutionnow in theneighborhoodof thesingularpoint τ � 0. For
thispurposeweusetheAnsatzintroducedabove:

(2.58) F � e
i
h S f �

andexpandbothS and f in seriesof powersof τ. ThefunctionS satisfiestheHAMILTON-
JACOBI equation,Eq. (1.12),with eigentime.Puttingtheseries

(2.59) S � S E 1

τ
	 S0 	 S1τ 	 S2τ2 	R�@�;�S�

into thisequation,givesdirectly:

(2.60) � ∇S E 1 � 2 � 1
c2 � ∂S E 1

∂t
� 2 � 2mS E 1 �

Thus,we canset:

(2.61) S E 1
� 1

2
m F����r � �r0 � 2 � c2 � t � t0 � 2 I ��� 1

2
mξ �

With this valueof S E 1, theequationfor S0 becomes:

(2.62) ���r � �r0 �=� ∇S0 	 � t � t0 � ∂S0

∂t
� � e

c
, ���r � �r0 �>� �A � c � t � t0 � Φ .��
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Up to thefactorof � e � c, this equationagreeswith that for χ , 1.e.,Eq. (2.43). Thus,one
gets:

(2.63) S0
� � e

c
χ ��� e

c
� �r C t�r0 C t0 � �A � d �r � cΦdt ���

Finally, theequationfor S1 is:

(2.64) � L 	 1� S1
� � 1

2m
" m2c2 	 e2

c2 � �A � 2 � Φ � 2 � # �
whereinL is givenby Eq. (2.53).Thesolutionof thisequationis obtainedwith thehelpof
Eq. (2.55).Furthertermsof theseriesEq. (2.59)aredeterminedby equationsof theform:

(2.65) � L 	 p � Sp
� ϕp � � p � 2 � 3 �@�;�@�T���

whereϕp is known, so long asthepreceedingtermis known. In this way we get thefull
solutionfor S :

(2.66) S � � mξ
2τ
� e

c
χ � 1

2
mc2τ � e2τ

2mc2
� 1

0 � �A � 2 � Φ � 2 � du 	R�@�;�
In thefield freecasethis formulayieldstheexactsolution.

Eq. (2.16)canbesolvedanalogously:

(2.67) f � C
τ
" 1 � eτ

2mc
� 1

0 F i � σ �%$&��	 � σ ��'(�UI du 	R�@�@� # �
Now wemustinvestigatehow to selecttheintegrationpathfor theintegral:

(2.68) R � � e
i
h S f dτ �

so that it yields the RIEMANN function. Eq. (2.68)evidently satisfiesthe secondorder
DIRAC equation.In orderthatit coincidewith theRIEMANN function,eitherof thecondi-
tions,Eq. (2.40)or (2.52)mustbemet.Weshallseekto show, thatthatis preciselythecase
if the integrationpathis a small circle aboutthe point ξ � 0 in thecomplex τ-plane. We
observe to begin, that for ξ � 0 theactionfunctionS hasno poles,sothat thepoint τ � 0
is not a substantialsingularpoint for the integrand. Thus, the integral canbe evaluated
simplyby it residueat thepoleτ � 0.

In thevicinity of τ � 0, theintegrandequals(for ξ � 0� ):
(2.69)

F � e E ie
hc χ V 1 � imc2

2h
τ � ie2τ

2hmc2
� 1

0 � �A � 2 � Φ � 2 � du � eτ
2mc
� 1

0 � i � σ �%$&�
	 � σ ��'(�@� du 	R�@�;� WX�
FromEq. (2.45)we get:

(2.70) R � 1
2πc

e E ie
hc χR � �

with

(2.71) R � � 2π2C
hc
m
� 1

0

V m2c2

h2 	 e2

h2c2 � �A � 2 � Φ � 2 ��	 e
hc �;� σ �%$&� � i � σ ��'(�;�YW du �

Eq. (2.52)is satisfiedif theconstantC is setequalto:

(2.72) C � � m
8π2hc

�
With this valueof C, Eq. (2.68)really is theRIEMANN function.

With a suitableselectionof integrationpathonecanget the fundamentalsolutionfor
thesecondorderDIRAC equationfrom Eq. (2.68).
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This fundamentalsolutionfor theequationΛU � 0 � hastheform:

(2.73) U � 1
πi
V R lg 0 ξ 0Z	 R !

ξ
W 	 U ![�

whereR andR ! havetheirearliermeaning[R is theRIEMANN function,R ! is theexpression
Eq. (2.44)]. ThefunctionU ! in Eq. (2.73),in theneighborhoodof ξ � 0, is regular; it is
subjectedonly to thecondition,thatthewholeexpressionEq. (2.73)satisfiestheequation
ΛU � 0. This conditionobviously is insufficient to determineU ! uniquely;indeed,there
arevariousfundamentalsolutions,distinguishedone from anotherby the valueof their
regularpart,andwhichcanbederivedfrom theintegralEq. (2.68)by variousselectionsof
integrationpath.Theambiguityof thefundamentalsolutionscorrespondsto thefact,that
thenumberof independentvariablesfor theeigentime-freeDIRAC equationis even.

§2.5As an example,let usexaminethe motionof an electronin constantelectricand
magneticfieldsandcalculatefor this casethe RIEMANN function. To simplify thecalcu-
lationwe limit ourselvesto caseof parallelfieldsalongthez-axis.

If thepotentialsaresetto

(2.74) Ax
� � 1

2
Hy; Ay

� � 1
2

Hx; Az
� 0; Φ � � Ez �

thentheLagrangianfunction,Eq. (1.6),correspondingto theclassicalequationsof motion
is easilydetermined.If theexpressionfor theactionintegral,Eq. (1.7), is formed,thenit
is found,that
(2.75)

S � S0
� 1

2
mc2τ 	 eE

4c F\� z � z0 � 2 � c2 � t � t0 � 2 I coth
eEτ
2mc
	 eH

4c F�� x � x0 � 2 	 � y � y0 � 2 I cot
eHτ
2mc
�

whereS0 is theτ independentexpression

(2.76) S0
� � e

c
χ ��� eE

2 � z 	 z0 � � t � t0 � � eH
2c � x0y � y0x ���

Consideringthe Eq. (2.13) for f , leadseasilyto the insight, that this equationcanbe
satisfiedby a function f dependantonly on τ, sothat ) f � 0. Then,Eq. (2.13)reducesto
(2.16)(alreadytransformedinto Eq. (2.21)).Thedeterminantρ is, in in thiscase,equalto

(2.77) ρ � const�
sin2 eHτ

2mc sinh2 eEτ
2mc

�
andthesolutionto Eq. (2.21)would be:

(2.78) f 0 � exp V � ie
2mc

σzHτ � e
2mc

σzEτ W �
If theconstantfactorin f is determinedaccordingto Eq. (2.72),thetheexpressionfor f
becomes:

(2.79) f ��� m
8π2hc

� � eH
2mc
� � eE

2mc
�-� f 0

sin eHτ
2mc sinheEτ

2mc

�
With this valuefor f , theintegral,Eq. (2.68),i.e.,

R � � e
i
h S f dτ �

whenevaluatedovera smallcircle aboutτ � 0, givestheRIEMANN functionfor thecon-
sideredproblem.
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In thespecialcasefor which thereareno fields,onegets:

(2.80) f � � m
8π2hc

1
τ2 ; S � � mξ

2τ
� 1

2
mc2τ �

andtherefrom:

(2.81) R ��� m
8π2hc

� e E imξ
2hτ E imc2τ

2h
dτ
τ2
� m

4πh
Q

ξ
J1 � mc

h

Q
ξ � �

while thequantityR ! hastheconstantvalue1� 2πc. In thepresenceof fields thefunction
Q of thegeneraltheoryequals:

(2.82) Q � � m

4πh
Q

ξ
J1 � mc

h

Q
ξ � γ � ξ ��	 1

2πc
δ � ξ ���

3. APPLICATION TO POSITRON THEORY

Thefundamentalsof DIRAC’s formulation3 of thetheoryof positronsproposestheno-
tion of a “mixeddensity” for thedistribution of electronsinto positive andnegative ener-
gies.

DIRAC consideredmixeddensitiesof two types:namelyR1 andRF ;

(3.1) ���r � t � ζ 0R1 0 �r0 � t0 � ζ0 � � ∑
oc ] ψ �3�r � t � ζ � ψ ! ���r0 � t0 � ζ � � ∑

unoc ] ψ ���r � t � ζ � ψ ! �3�r0 � t0 � ζ �6�
(3.2) ���r � t � ζ 0RF 0 �r0 � t0 � ζ0 � � ∑

oc ] ψ �3�r � t � ζ � ψ ! ���r0 � t0 � ζ ��	 ∑
unoc ] ψ ���r � t � ζ � ψ ! ���r0 � t0 � ζ ���

In theseformulasψ ���r � t � ζ � denotesthe wave function of an electrondependanton the
coordinates�r, the time t andspinζ (eigenvalueindex). Thesumsareover an index (state
number)which is heresuppressed.The first sumis over all occupiedstates,the second
overunoccupiedstates.

DIRAC calculated,by directly summingthe expressions,Eqs. (3.1) and(3.2) for the
field free case;and,theninvestigatedtheir singularitieson the light cone. Thenhe con-
structedananaloguesexpressionfor thecaseof a realisticfield anddeterminedtheir sin-
gularitiesby thestipulation,that theseexpressionsatisfythewave equationandthat they
goover to thepreviousexpressionfor vanishingfields.

Weseeknow to show thatthesequantities,Eqs.(3.1)and(3.2),arepreciselythose,that
arisein CAUCHY ’s theoryof hyperbolicdifferentialequations.

Let usconsiderfirst Eq. (3.2). ThequantityRF with respectto thevariablesζ andζ0

canbewrittenasamatrix:

(3.3) �3�r � t 0RF 0 �r0 � t0 � � RF ���r � t �6�
Thisexpression,consideredasa functionof �r andt, satisfiestheDIRAC waveequation:

(3.4) " � σ � �P ��	 mcσ4
� T

c # RF
� 0 �

andreduces,for t � t0, to theunit operator:

(3.5) RF
� δ �3�r � �r0 �6� for t � t0 �

Eqs.(3.4)and(3.5)uniquelydeterminethefunctionR f . Oneneednot,therefore,calculate
thesamethingby directsummation,thefunctionRF canbemoreeasilydeterminedasthe
solutionto CAUCHY ’s problem.

3DIRAC, P. M. A., Proc. Cambr. Phil. Soc. 30, 150(1934).
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ThefunctionQ, determinedabove,Eq. ( 2.26),satisfiesthesecondorderDIRAC equa-
tion andtheinitial condition

(3.6) Q � 0;
∂Q
∂t
� δ ���r � �r0 � FOR t � t0 �

Fromthis it follows,thattheexpression

(3.7) R1
��� ic

h
" � σ � �P ��	 mcσ4 	 T

c # Q �
with

(3.8) Q � Rγ � ξ ��	 R ! δ � ξ �6�
satisfiesEqs.(3.4)and(3.5).

TheDIRAC functionRF is therebyexpressedin termsof theRIEMANN function.
ConcerningtheotherDIRAC function,R1, it canbe expressedin thesamemannerby

thefundamentalsolution,U , similar to RF usingQ. We have:

(3.9) R1
� � ic

h
" � σ � �P ��	 mcσ4 	 T

c # U �
with

(3.10) U � 1
πi
V R ln 0 ξ 0Z	 R !

ξ
W 	 U ![�

Eq. (3.9)canbeconsideredthefundamentalsolutionto thefirst orderDIRAC equation.
An unambiguousdeterminationof R1 is possibleonly with help of initial conditions,

madewith physicalassumptions.One could, for example,demandthat for t � t0, all
negative energy statesof theelectronareoccupiedandall positive statesunoccupied.As
is to beseenfrom theoriginal definitionof R1, Eq. (3.1), in the(assumednegative)kernel
of theoperatorfor t � t0 mustgo over to thesignof thekinetic energy. If onesolvesthe
DIRAC equationwith this initial condition,onegetsthevalueof themixeddensityR1 for
all t 4 t0.

Finally, thereis a questionof physicalinterpretationof the mixed densityto address.
Whichtermsin thisexpressionhavephysicalmeaning?DIRAC, aswell asHEISENBERG4,
suggestconsideringthe physicalpart to be that obtainedby subtractingthe singularities
from thetotal expression.This schemecannotbetakenascorrectasit is far too arbitrary.
We believe that only the uncertaintyprinciple canbe acceptedasa reliablecriterion for
decidingthis question.For the consideredproblemthe demandsof the uncertaintyprin-
ciple areto beunderstoodasfollows: Only thosetermscanhave physicalmeaningwhich
remainfinite for h 8 0 andareon the light cone,i.e., ξ � 0,;remainingtermsare to be
disregardedasmeaningless.This assumptionis verified by studyof the polarizationof
thevacuum,which hasbeenconsideredby variousauthors(See:5.) Theadditionalterms
arecalculatedby theseauthorsform a seriesin powersof h. This situationindicatesthe
applicabilityto this problemof themethodfrom BRILLOUIN-WENTZEL discussedin §2.
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