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ABSTRACT. Thelawsof quantunmechanicsreappliedto atomswith multiple electrons.
In particularwe investigatethe questionregardingthe interconnectiorbetweenquantum
resonanc@henomenandmultiplet structurein the spectrunof complex atoms.Thenthe
sameresonanc@henomenarestudiedin thetheoryof moleculesaandtheir bandstructure
whereit leadsto interpretatiorof theknown intensityanomaliesn certainrotationspectra.

The spectraof atomswith two electronscan be, at leastqualitatively, describedby
guantummechanic$l]. Thesubstantiallynew viewpointthatemegesin comparisorwith
singleelectronatoms,involvesa certainresonanc@henomenorthatleadsto subdvisions
of thetotal spectranto noncombinablgerms,eachof which aloneis acompletequantum
solution. Of thesesubsystemspne conformsto the PauL1 principle [2], which asserts,
that“equivalent” electronorbits may not arise. This subsystemwaschosernwithout good
justificationasthe physicalsolution. Sucha choiceof physicalsolutionenabledhe modi-
ficationsof the statisticsof the sortsuggestedhy Bose andEINSTEIN [3]. Independently
DIRAC cameto similar conclusiong4]. DIRAC especiallyemphasizedhatgenerallyone
shouldchosethe solutionwhich is in accordwith PauLI’s principle, from which he ar
rived at the statisticsof anideal gas,which in large measureagreeswith FERMI's theory
of degenerateggased5]. With theseconsiderationshe solutionfor multielectronatomsis
in principleathand.But, to show thatthe solutionso obtainedactuallycorrespondso the
obsenredspectreof suchatoms,a numberof furtherconsiderationgrenecessary

1. GENERAL PRINCIPLES

Thefollowing calculationscanbe carriedout on the onehandon the basisof the usual
form of quantummechanics—irtermsof matricescorrespondindo thetermsof a Fourier
series—oron the other handin termsof SCHRODINGER'S wavesin phasespace. The
formal relationships—hereiffior the multi body problem also—geta more generaland
systematicmathematicatreatmentin the formalism recently developedby DIRAC and
JORDAN . First, let usreview theimportantbasicconcepts.

1p. DIrAC [7]. | amindebtedto Mr. DIRAC for makingthis work available to me beforeits publication.
In themeantime | have beeninformedby Mr. JORDAN’s friednly communicationshathe hasobtainedsimilar
results[8], thatareequivalentto both DIRAC’'s andthis authors [9]. Someof theseresultswerecommunicated
to the authoralreadyearlierandindependanthpy Mr. PauLl. Seealsothework by LANCz0Os [10]. Addedin
proof: SeeL ONDON [11].
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The solutionto a problemin quantummechanicss given by the solutionto an eigen-
valueproblent

(1) STHS=W, orHS—SH=0, SS'=1,

whereH is theHamiltonianfunctionof thesystemasafunctionof p andq, W thediagonal
matricin which the elementsarethe enepgy eigervalues,andS is the soughttransforma-
tion matrix. In the original formulationof Eq. (1), bothp andq in H areto be expressed
as matricesthat correspondo Fourier seriesobtainedfrom an appropriatelychosenini-
tial problem. Eq. (1) thenbecomesin generala complicatedinear differentialequation
of infinite orderfor the S,, for which the eigervaluesW, are the enegy valuesof the
stationarystates. Accordingto DIRAC more generalmatricescan be introduced. Such
matricescanbe so selectedsuchthat, for example,all g(qa,...,qs) of the systemare di-
agonal;but then,by causeof the relationspkqk — qkpk = h/(2m), the p(p4,...,pr) natu-
rally cannotthenbe diagonal. Likewise, if oneintroducesary othercanonicalvariables,
&n (&1,---,&5;N1,-..,n 1) which satisfythe commutatiorrelations thenagainthe & canbe
choseto bediagonal.In StheenegiesW, thenareindexedby n andexpressedn termsof
thenumbers,

2 S:(8(n,€)), or (S(g)).
ThenEqg. (1) is equivalent® to:

h 0
3) [H (E, ﬁﬁ) —Wn] Si(€) =0,

from which S,(€) canbe determined.In additionto Eq. (3), therearethe orthogonality
andnormalizationconditions:

SS =1 or hX: S (&)Sn(€) = Onm;

(4) [ Sh(8)Sm(€)dE = 8nm= é]:g: 2 ; m ’

dependingon whetherg is continuousor discrete.Written out completely theseequation
are:

31(&1; Ef)Sﬁn(El, Ef) = 6nm,
§1,82,--&1

JEIGETGE I

In the particularcasein which & equalsthe positioncoordinatesy, andn equalsthe mo-
menta,Eq. (3) takesthe form of SCHRODINGER's differentialequation.In thecaset = J
andn = w (action-anglevariables)for any particularproblem,Eq. (3) takesthe original
form of Eq. (1). Sis in generalthe matrix, for which theindex n is discreteandtheindex
& continuous.In the specialcase = q andn = p, a columnof this matrix, $,(§), is an
eigenfunctionof SCHRODINGER's differential equation. The quantities$,(§) and S;(§)
encompasall thatcanbe saidaboutstationarystatesof atoms.The usualdiagonalmatrix
of afunction,f(&,n), derivedfrom enepy eigervaluesis givenby

(5) fam= Y& Si(&) T (&, 2% 0¢) Sm(&), or
fom= S (&) (&, 20¢) Sm()dE.

2See[6], Chapter3, Eq. (13).

3Theequi/alenceof matricesandoperatorsvasnotedalreadyby BORN andWIENER [12]. Thisequialence
playeda large role in SCHRODINGER'sresearchefl 3], andwasrecognizedor its full generalityandexploited
by DIRAC[4].

or
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Thephysicalinterpretatiorof the product

SIE)S(E9),

or alternatelyin the continuumcase

SE)S(E%)dE,

is, thatit is the probability, thatin the stationarystaten, the variable& = &° | or in the
continuouscasethat &0 < & < £+ d& [1]. The quantitiesS, (&) aregenerallyknown as
the eigenfunctionf the quantumproblem. They arefunctionsof asmary variablesas
the problemhasdegreesof freedom: $,(&1, ...,&1). If Egs. (1) or (3) areseparablén the
degreesof freedom thenS canbefactored

(6) S=S\(81),Si(€2), -, SIE1).

For thefollowing calculation thecasan whichwe do not neglectthemagnetianoment
of the electron,which accordingto UHLENBECK and GOUDSMIT [14], derivesfrom its
rotation. Suchan electronhasfour degreesof freedom[the total angularmomentumof
spinis notincluded,asit is fixedata values= 1/2.4 ], e.g.,thethreecoordinatesf the
centerof gravity, the position of the “line of nodes”of the eigenrotation,on which the
projectionof sis ms. If tofirst ordertheinteractionbetweerthe electromagnetéspin)® and
orbital motionis ignored,thenS canbewritten

S(81,82,83)S(E4).

If the line of nodesis chosenfor &4, then SCHRODINGER'S theoryis neededo treatthe
orbital electronsto determineS*. This problemstill hascertaindifficulties. But, asthe
choiceof &4 is unconstrainedandthetreatmenbf the orbiting electronin the languageof
matricess well known, thedeterminatiorof S*(gy) is superfluouspnecould,for example,
choosé 4 astheprojectionof son somefixedexternalaxis,ms, sothatS? is the unit matrix
andms = +1/2.

2. MULTIELECTRON ATOMS

§2.1Researclin recentyearssystematicalljhasrevealedthe spectraof comple atoms,
sothatnow to each“term” one can attribute a particularmotion in the senseof BOHR.
Amongtheimportantstepsin the systematizatiomf spectrathe following desere note:
SOMMERFELD’s n,k, j-orderingof theterms,L ANDE’s theoryof the Zeemareffect, CA-
TALAN’s discovery of multiplets, PAuL1’s exclusionprinciple, the RUSSEL L - SAUNDERS
model,HUND’s systematizatiomf the spectraof higherorderperiodsof the periodicsys-
tem, andfinally the UHLENBECK-GouUDSMIT hypothesigegardingthe angularmomen-
tum of anelectron.The branchof quantummechanicsoveringthis matterhasbeencom-
prehensiblysurweyed,for details,we recommendef.: [15].

In the conceptualizationf models thatcomprisethe basisof the orderingof theterms,
a certainanalogywith classicalmechanicsreferredto asthe “adiabatic” correspondence,
is made. Motion of an electronin anatomis considerednfluencedby the chage on the
nucleusandby otherelectronswherethelatteraredescribedy anaveragej.e.,theprecise
interactionof moving electronsis not taken into account. While a continuousexchange
of enegy betweenthe electronsmight be expectedto occur—as would be the casein
classicalelectrodynamics—becausé the fundamentaprinciple of quantummechanics,

4For the sale of simplicity, thesevaluesaregivenbelav only in termsof the quanturnmumbers.
STranslator HEISENBERG usedthe terms‘magnet’ or ‘electromagnetwhich have beenreplacedoy ‘spin!
For the sale of readabilityfor themoderneye, in this translatiorthe lattertermis usedthroughout.
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it doesnot occur[16] (comparewith FRANCK-HERTZ scatteringexperiments),so that
finally the“adiabatic” correspondencmight be expectedo yield theactualregularitiesof

the spectrawhichin factit does.Quantitative analysisof this correspondencis possible
naturallyonly with guantummechanics.

This coarsecorrespondenceould not, however, provide a completeinterpretationof
theactualquantuntheoreticalprocessesn sofarasevenin quantummechanicsccount
shouldbe taken of the finer electronicinteractions. This aspectof quantummechanics
cannotberenderedn termsof mechanicaimages.Thisis so,becaus¢hesedetailedelec-
tron interactionsaswell asinteractionsby meansof externalradiation,are characterized
by the direct appearancef the effects of discontinuitieg[1]. Quantummechanicsarose
in thefirst instancefrom an effort to understandhe interactionof externalradiationwith
atomicelectronsn termsof thesevery principles. Quantummechanicgrovidesjust this
treatmenfor thefinerinteractionsvia the resonanc@henomenghatwe considerherein.

Thelack of ananalogudor the detailedinteractionof electronswith theimageryfrom
coarsecorrespondencesiustleadto conflicts betweenmodelsand obsenations. Such
conflictsareto befoundin the existenceof ‘multiplets! Thesemultipletsarise,asis well
known, by causeof the fact that the electrons’magneticmoments(spins),in the sense
of UHLENBECK-GOUDSMIT, align themselesparallelor antiparallelandthenareadded
() to orbital angularmomentum(j). In a mechanicaimodel, the electronswould not
be parallel, asthe interactionis vanishinglysmall. Even werethe interactionlarge, the
effect would not dependon the relative orientationof the electron,ratheron the relative
orbital position; the electronswould not be parallel. We expect, therefore,thanfor an
interpretatiorof the multiplet structure guantumresonancglaysa crucialrole.

§2.2Becauseheforcesthatlink spinwith the orbital motion generallyarevery weak,
theseforcescanbe neglectedin a first approximation. From empirical evidencefor this
problem,one can conclude that the whole term systemfor an atom canbe divided into
subsystemdyetweerwhichthereareno interrelationshipge.g.,ortho-andpara-helium).

To begin, we carry out this separationinto noninteractingsubsystemsgor n point sym-
metric electrons. We do so startingwith a noninteractingsystemand then considerthe
interactionasa perturbationln theunperturbedtatethe electronsxist in variousstation-
ary statesfor which the eigenfunctiong, m, ..., p areascribed.The numberof electrons,
from which the coordinatef the eigenfunctionglepend are attachedo the eigenfunc-
tionsasindices(e.g.,l1,mp, ...pn). Theeigenfunctiorfor theunperturbedotal systemcan
be expressedasthe productof the eigenfunctionf theindividual electrons.The unper
turbedproblemexhibits an! degenerag, asthe exchangeof the individual eigenfunctions
givesthe sametotal systemeigenfunction.Thus, arbitraryaggreationsof suchproducts
canbetakenasthe systemeigenfunction.

If the separationof the term systemsof the unperturbedprobleminto incompatible
subsystems made thenthis separatior{in sofar asall electronsareidenticalandsubject
to identicalinter electronforces)cannotbe perturbedoy ary type of interaction. Thatis,
the type of separatiorinto incompatiblesubsystemss totally independenof the specific
type of interaction,while at the sametime beingthe crucial stepin the solution of the
problemwith interaction.The separatiortanbe effectedin two ways:

1. A seriesof noncompatibletermsystemss definedby thefact, thataneigenfunction
of ary of the subsystemsmultiplied by a symmetricfunction of the electrons,can be
expresseanly in termsof eigenfunction®f the very samesubsystemOr:

2. Let u andv be eigenfunctionsof two distinct subsystemsuchthat the integral
Ju*vf dg [See:Eq. (5).] vanishesvheneer f is asymmetricfunctionof theelectrons.
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We seeknow to constructsucha systemandbegin with the eigenfunction:

(7) u= |1I’T]2...pn.

All functionsl, m,..., p aredistinct. For theunperturbedystemtherearen! termswith the
sameenepy; the correspondingigenfunctionarederivedfrom (7) whenever theindices
arepermuted.A substitutionin the numberof electronds denotedS, andin grouptheory
usuallyis written

®) S:(l 2 . n)_
a a ... an

Suthendenoteghe eigenfunction

(9) SJZIalrnaz...pan.

A power or exponentialof a ‘substitution’is to be understoodisa repeatedpplicationof
thesubstitutionj.e., S’ = 1 the*“identity” substitution.Thereis awaysasmallesexponent
S’ for S(v > 0) for which

(10) =1

v is thencalledthe “grade” of the substitution.The problemof incompatibletermsystems
is seenhereto bein very closecontactwith the grouptheoryof permutationg17]. Let w
bea primitive root of the equation

(11) W =1
Thenwe form the sumof eigenfunctions:

Uy =1/yV(u+Su+Su+...+ 8%,
Up = 1/ (U4 0Su+ ?Su+ ... + w1971,

Uw-1 = 1/\A(Uu+ 0’18+ 2V DLu+ .. 4+ wV-°-1y).

(Thefactorl/+/v isinsertedfor normalizatiorof thefunctionsU if theu werenormalized.)

Thesev eigenfunctiond) in generakpanonly a portion of theindependengigenfunc-
tions. As aresultof known laws, v is only a portionof n!. Let usnow selectan arbitrary
eigenfunctiorfrom the setof permutationghatis not containedn the setu, Su, ..., "~ tu
andthenapplyto it againthe sameprocesawith the samesubstitutionS, to getnew eigen-
functionsWy, W, ..., W,»-1. Thistacticis to be continueduntil the whole setof n! eigen-
functionsfrom Eq. (7) is spannedIf all termsbelongingto specificpowersof w: w* are
groupedogetherin termsystems” ,—which mayalsocontaintermswith arbitraryother
functionsthanl, m,..., p—thenthefollowing statemenholds:

Thetermsystems 1,[,, ...,[ -1 cannotbe combinedwith eachother

In orderto verify this, considertheintegral (or the correspondingum,seeEq. (5)):

(13) / Yop Yor T dE,

wherey,,,Y,u arearbitrary eigenfunctionselongingto the systemd” , or I',, and f
is a symmetricfunction of the electrons.A permutationof the electronnumberingin the
integral doesnot leadto a changeof value.n particularwe applythe substitutionSto the
integrand. From Eq. (12) it follows in generalthat Sy, = w‘ly@. Thus,Eq. (13), with
substitutionS, becomes:

(12)

W [ Voo e,
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andit followsthat
(14) (L= [Vjont dE =0,

Thus,the integral on the left side,which determineghe combinationsjs null for A # p,
thatis, the systemd™ I do not combinewith eachother, just combinationswithin a
systeml” arepossible.

The separatiorinto incompatiblesubsystemsan often be continued,so thata few or
all systemd™ canbe further divided into subordinatesubsystems Considera particular
eigenfunction ,:

(15) Ugp =1/W (u+uY\SJ+w2A52u,...,w("‘1)AS"_1u).
Supposéhereis anew substitutionT of gradeu, suchthat

T(14+ 'S+ 0P+ ... + V-1
= (1+ WS+ S+ ... + VA HT,

thenwe canconstructhefunction(e* = 1):

(16)

(A7) Zg =1V (U + 8 TU + 5T+ e Dk T )

andthusdividesthethetermsystemr” , into u new incompatiblesubsystemsasperEqg.

(13) only termswith the samee exponentcanbe combined.Thecondition,Eg. (16), must

besatisfied however, in orderthattheeigenfunctionTU , still belongsto thesystem™ .
Eq. (16)is satisfiedby all systemd” , whenererSandT commutej.e.,when

(18) ST=TS

Elementangrouptheoryprovidesmethoddo find a substitutionT satisfyingthiscondition
if Sis specified.If w is a primitive v-th rootof 1, thenT mustsatisfyEq. (18)in orderto
beableto alsosatisfyEq. (16).

Evenwhenw is nota primitive v-th root of 1, therestill exist substitutionsT, thatdo
not commutewith S but still satisfiesEq. (16). In generalterm systemd” , thatdo not
correspondo a primitive root of w*, aresuseptibleo beingsubdiidedfurtherthanthose
thatdo correspondo primitive roots.

It shouldbe mentionedthattheidentity substitutionl andanarbitrarypowerof S of S
satisfyEq. (18)for T, but still do notleadto anew divisionof I" ;.

Thequestion:Into how mary incompatiblesubsystemghetermsystemfor ann- elec-
tron atomcanbe divided?’, cannotbe answeredn full generalitywith the considerations
outlinedhere. But, with the proceduredescribecherein,one canalwaysfind the subsys-
tems. As it is animportantpracticalmatterto find the appropriatesubdvision in asfew
stepsaspossible,it is the substitutionsof high gradethat arethe mostchallenging. The
gradeof a division is easyto estimateby a cyclical enumeration. A cyclical substitution
canbewrittenin theform a;a,...a; which meandn mannerdescribedabove, Eq. (8)

(19) ( a1ay...8, )
apag...aq

The gradeof this substitutionequalsthe numberof elementsz. Every substitutioncanbe
decomposeihto a productof multiple cyclic substitutionsbasedon variouselements.If
71, 2,... the gradeof the variouscyclesinto which S canbe subdiiided, then

z4+2+--=n
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andthe smallestcommonmultiplesof z;, z... give thegradeof S. In the caseof 12 elec-
tronsin variousquantumorbits, for example,substitutionof theform

S=(12345(6789101112).

would be available. The gradeof S hereis 5-7 = 35 andthe proceduredescribedabove
yield 35incompatiblesubsystemaVioreover,

S= (123)(4567)(89101112),

hasgrade3-4-5= 60incompatiblesubsystemsObviouslythisis themaximumof incom-
patiblesubsystemshatthe above procedurecanyield in onestepfor n = 12.

If ary of the eigenfunctiond, m,...p areidentical,i.e., thereare equivalentelectrons,
then the total of the numberof termsof differentenegiesis no longern!, ratherit is
n!/(na!ng!...), whereng, ng, .. givesthe numberof electronsn statesa, 8. In orderto use
the above procedurdn this case onemustchosethe substitutionS for which the gradeis
n!/(nq!ng!...) andthenwith it carry outthe distribution into noncombinableerms.

As aconcretexample considelLithium, n = 3%. Theeigenfunctiorof theinitial system
is:

u=Ilimps.

We assumehatl, m and p aredistinct. The cyclic substitutionis the oneof highergrade,
(123). Let € beaprimitiverootof 1, sothatfrom Eq. (12) we get:

U1 = 1/v/3{l1mpp3 + lomgpy + Iamu p2},
(20) Ug = 1/v/3{l1mpps + €lomg py + €213my po},
Uz = 1/v/3{l1mpp3 + €2l2mg py + €lomy po}.

Amongthe eigenfunctionskEgs. (20), the combinationsm|, ps did notoccur Thus,there
exists a secondseries Wi, W, W,2. The threeincompatibleterm systemscanbe denoted
mostsimply as:

1) r _{ Yy = 1/v/3{l1mpps + nl2mspy + n2lamy po} }’

171 v = 1/v3{mul2ps + nmelaps + n’msl1 ps}

wheren for thethreesystemsakesthevaluesl, €, €2. Thetermsystemd s andl .. cannot
be further subdvided, aswith the substitution(123) only the powersof this substitution
areexchangeablel 1, contrariwise pelongsto anonprimitiveroot of 1. If onechoosess
substitutionT anarbitrarytranspositionthenEq. (16) is valid for it. The gradeis 2, the
two incompatiblesubsystembelongto theroots+1 and—1. The eigenfunctionsre:
1 1

(22) IEE 72(\/'1"‘\/'1'); M1t ﬁ(yll_ylll)'
I"1,1 andl"y _1 arethewell known symmetricandantisymmetridermsystemsespectiely.

In the systemd 1 ; andl";,—; the problemof the unperturbedatomis not degenerate,
asfor both, only oneterm eachof particularenegy arises. Within ' andl"e2 thereis
nevertheless certaindegenerayg insofar asin eacha term with the sameenepgy asin
the unperturbedsystemsoccurs. This degenerag is lifted by the interactionin a way
dependingn the particularsof theinteraction.

6addedin proof: In arecentarticle WIGNER, [18], hasindependentlybtainedresultsfor the threeelectron
atomthatareequvalentto thosegiven herein.
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The matrix, of the givenunperturbednteractionenegies,hasfour significantlydiffer-
entterms,andaverage:W m p1.mp = A, andthreeresonanceerms,thatcorrespondo the
exchangeof two electrons:

W mpmi,p =B; Wimppml =C; Wimpi1,pm=D.

Theinteractioninducesa perturbationthat by well known principlesis given by the fol-
lowing determinant:

W-A —(B+nC+n?D)
—(B+n*C+nD) W—A

Thisyieldsthesix solutions(Note: B+ nC+ n?D is replacecby Re??):

| M | e | IMe2 |
W=A+B+C+D _r W_=A+R_ W_=A+R_
or L) [T | or LEhite ) | or L(ety,+ ety
W=A-B-C-D W=A-R W=A-R
=T_ . . . .
or Ly —v) } b | or L(ety ey | or L(ey, — eyl

Tablel

In Table(1) thereis a characteristidegeneray still, insofar aseachtermof the system
I'e hasthesameenegy asonetermof I,2. Formally this is dueto thefact, thatthe matrix
elementsof the interactiontermsB,C and D arereal. This holdstrue for ary type of
interactionandthusthe degeneray is a substantiafeatureof the resonancghenomenon.
Eventuallyin connectiorwith the discussiorof the multiplet structure we shall returnto
this point. Herewe note,thatthis degenerayg leadsto someindeterminag in the division
into incompatiblesubsystems.

If two electronsare equivalent,sayl = m, thenthe T classificationyields a full term
schemewith eacheigenfunctiom‘n = y'n' In this casethereareno degeneraciesvithin a
subsystent ,, further, if A= D andB = C; onegetssolutions:

| M1 | e | e |
W=A+2B W=A-B W=A-B
Eigenfunctiony; Eigenfunctionyg Eigenfunctiony,.

Table2

§2.3If for the term spectrunof anatomdescribedabove, sphericallysymmetricelec-
tronic configurationsareassumedthenchangeghat appeamwhenspin orbital interaction
cannotbe neglected canbetakeninto account.To begin we seekto derive thefactsof the
multiplet structurethatis thefactthatspinis alwaysparallelor antiparallel.

The eigenfunctionfor the whole system,which consistsof orbital electroniceigen-
functions,solong asthe spininteractionis small, consistof productsof orbital and spin
eigenfunctions Whenmultiple eigenfunctionselongto the sameenegy—asthe calcu-
lationspresentedibose shav happenften by inclusionof the interaction—,thenlinear
aggregjatesof productsof orbital andspineigenfunctiong€omeinto consideration.

Eigenfunction®f thetotal systenshouldbeantisymmetriavith respecto theelectons
Let us startfrom an unperturbedsystemin which the spin-orbitalinteractionis taken to



MULTIBODY PROBLEM AND RESONANCE IN QM - 11 9

vanish,andin this systemcountthe positionsof the spinsrelative to anarbitrarily selected
direction. Now, the spin orbital interactionenegy will be considerech perturbationthat
determineghe secularoscillation of the spinsrelative to the time averageof the orbital
motion. This perturbatiorenepgy is a symmetricfunction of theelectrons Theinteraction
of a particularelectronandall otherelectronsandtheir spinsdepend®n the orientation
of thesespinsrelative to the orientationof all otherelectrons’orbital positionsand the
orientationsof their spins. Becauseof the antisymmetryof the total wave functions,all
electronsexecutethe same“motion” (in various phases)thusthe averageperturbation
enegy candependnly on: the orientationof the spinrelative to anaverageorbital axis—
in atomsthis canbe only the directionsof the total electronicmomentum,in two-atom
moleculesonecould considettheline joining the nuclei—,andsecondlyfrom therelative
orientationsof the spins. To first impressionsijt might seemthat the final orientationof
the spinsdependsn the pairwise averageperturbationenegy. This is not so, however.
Ratherthe angularmomentumof the spins,s, dependn a quantizedmomentums in
the usualstructurerules, that is, with only “parallel” or “antiparallel” orientations. To
getinsight here,let us considera simple mechanicakxample: Insteadof an interaction
dependanbn the directionof the total electronicmomentum), let us introduceanother
forcecomprisedof two parts,onecorrespondingo anexternalforce,andthe otheramong
the spins,but dependanbnly on their relative orientation. Although the Hamiltonianof
this systemconsistf two terms,onefor eachof theinteractionsthe Hamiltonianof the
perturbedsystemis not so composed.The electroninteractionwith the averageorbital
motion corresponds$o whatwe have attributedto the externalforce; but, the averagespin
interactionstill depend=on the relative orientationsof the electrons’spinsto the axis|.
Onecaneasilysee thatin the casein which the above two interactionsareadditive, if the
assertiorabove aboutthe aggregationof 5 is correct,thenit is correctin general.

Let usnow considerthe quantummechanicatreatmenbf this case.

In the “unperturbed”systemin which electronicspin interactionis neglected,each
electronhastwo possibleorientationsrelative to others,as an axially symmetricforce
ms = +1/2; for which therecorrespondswo eigenfunctionsS*(€4), that for the sale of
simplicity we shall denotea and 3. The numberof the electronsto which thesefunc-
tions belong, that is, from which thesevariablesare dependantjs given by an index:
01,02,...0n;B1,B2,..-Bn- In the unperturbedsystemthereare degeneraciesnsofar asall
stateshave the sameenepy thatbelongsto a givenvalueof § m, i.e.,to a particulartotal
momentumaboutthe axis of the exterior field; now for a givennumberof electrona, the
statewith the eigenfunctionsx andp is givenby m= 3 ms and

1
(23) Ny +Ng =N, é(na —nNg)=m.

For valuess > 1/2 theseconsiderationgannotbe carriedout. Themultipletstructute of
of comple spectr is linkedto the specialvalues = 1/2. The exterior force imposedno
other requirementon the unperturbedoroblemthan that 5 ,,ms = m shall be quantized,
andthatthis requiremeniot comeinto conflict by giving excessve spininteractionen-
ergy. Contrariwise: the actualdistribution of systemsof equalenegy—n!/(ng!ng!) in
number—into system=f differentenegy on the basisof vanishinglysmall mutualinter-
actionfollows quite independenbf exterior forces,i.e., it correspondso the parallel-and
antiparallelorientationsof the spins.

Thejustmentioneddegenerayg for vanishinginteractionis completelyanalogougo the
degenerayg in §2.2andthereforecanbe denotedasaresonanceTheoscillationfrequeny
correspondingdo this resonances the simple precessiorfrequeng of the spin vectors
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aboutthe axis s of thetotal angularmomentunof the electrons.Oneshouldnot associate
acomplicatedexchangemotion of the electronswith this notion of resonance.

For the actualcalculationof the eigenfunctiongo which the multipletsbelongcertain
formulaspertain: The interactionenegy betweenary two of the electrons,1 and2 say
will beamatrix, containingdiagonaklementandtwo eachelementshatcorrespondo the
exchangeof electronsin otherwords:for two electrongherearefour statescharacterized
by:

| ||I|II|III|IV|

m | 3| 53]

me. | 533 |3
Table3

Thematrix of theinteractionenegiescomprisenly transitionsfor m = const, asthey
dependonly on the relative directionfrom 1 to 2; thatis, only transitionsfrom Il to I11.

Further Hio=Hwv,v =a Hy i =Hun = b; Hiny =Hi =c. Thesethreeconstants
satisfytherelation:
(24) a=b+c

Thisis easilyseeno besofrom thetreatmenbf the problemwith two electronsThetotal
enegy of the system W, (given that externalforcesare neglected)is in the statem= 1
(thatis: my = mp = 1/2) obviously H; = a (eigenfunctionaa>), likewisein the state
m= —1(m =m = -1/2) Hy,v = a(eigenfunctionB1z). In thestatem= 0 thereis a
degeneray, thatleadsto the equationdiscussedn ref. [1], namely:

W = S™HS,
andto thedeterminate
W —H —Him
25 ’ mol=0
(25) —Hinpn W—=Hin

Which gives:
(W—-b)2=c?>, W=b+c, andW=b—c.

The statecharacterizedby W = b+ ¢ hasthe eigenfunctionl/\/?(alBg + a2f1); it is
symmetricin electronsl and 2 and belongsthereforeto the triplet system.W =b—c
belongsto the eigenfunctionl/+/2(a1 32 — a2B;) and constitutesthe singletsystem. So
long asthereareno externalforcesactingon the spins,thethreestatesn thetriplet system
have the sameenenpy, thatis a = b+ c. In the following calculationswe shall always
expressb in termsof a andc.

Threeinteractingelectronicspinsin an externalforce field provide a goodexampleof
theapplicationof theseprinciples. Thereis onestatewithout a degenerag, i.e., m= 3/2.
Let Ky denotethe effect on the enegy from the externalforce whenms = +1/2, andKg
whenms = —1/2. Thus,whenm = 3/2, this enegy differentialis given by 3Ky + 3a,
for which the eigenfunctionis a;a2a3. For the statewith m= 1/2 then,thereis aftriple
degenerayg with threeeigenfunctionsa; a3, a302B1, 020331, all pertainingto thesame
enegy. This enegy, which arisesfrom the externalforce, equals2Ky + Kg. If onelets
W — 2Ky — Kg—a—2b =W — 2Ky — Kg — 3a+ 2c bedenoteddy X, thenonearrivesatthe



MULTIBODY PROBLEM AND RESONANCE IN QM - 11 11

determinate
(123) | X —-c —c
(23)) | -¢ X —c
312 | -¢ —c X
Thesolutionsare:

X1 = 2c, eigenfunction &; = 1/+/3(0102B3 + 0203B1 + a301[7),

(26) Xo =Xz =—c eigenfunctions & = 1/v/3(0102B3+ £a203B1 + £2030137),

wheres is oneor thetwo primitiverootsof theequation:? = 1. Now, X; hasaneigenfunc-
tion symmetricfor all electronsandthereforehasthe sameterm-systenasfor the solution
m= 3/2 andaia203. In thiscasetheenegy W equals:

W = 2Kq + Kg + 3a.

For vanishingexternalforce, this is the enepgy of the statem = 3/2. The calculationsfor
m= —1/2 andm= —3/2 areanalogougo thosefor m=1/2 andm = 3/2, andfor which
we getthefollowing table

| Table(4) | Quartetsystem | Two Doubletsystems |
m=3/2 3Kq
m= 1/2 _ 2Kg+KB . 2KC(+KB
m=—1/2 W =3a+ Ka + 2Kg W_3a—3c+{ Ka + 2Kg
m=—3/2 3Kg
Table4

Betweenthe two doubletsystemsthereis a degeneray, in so far asthey belongto
the sameenegy value. The separatiorinto d¢-systemsi.e., into quartetsanddoublets;s
completelyanalogougo divisioninto I' systemsdn Table1. Quartetsanddoubletsdo not
combinewith eachother

The calculationof the spin eigenfunctionsandtheir multiplet structurefor morethan
threeelectronsis bestachieved usingthe methodsof §2.2—Thenumberof the various
multipletsfor n electronanbedeterminedasilyby theusualstructurerules. Thenumber
of termsfor a givenvalueof m, perEq. (23), equals:

n! n!
(27) na!ng!  (3+m)! (2-—m)!

Thatis, it is alwaystrue:

n! n! . n!'(2m+ 1)
A+m(0—m! (O+m+2)1(3—m-1)!  (B+m+21)! (—m)!’
Multiplets have multiplicity 2m, wherem is a multiple of 1/2, and dependson whether
n/2 is thesamemultiple of 1/2. Variousmultipletsof the samemultiplicity havethesame
enegy solong asthecenterof gravity for theelectronss fixed.

In anatom,the electromagnetéspins)do not orientethemselesin relationto external
forces,ratherin relationto the total angularmomentum/, of all the electrons. Should
an atom be subjectedo a strongexternal magneticfield—we are consideringhere, for
example,the PASCHEN-BACK effect—, thenthe magnetqspins)do orientthemselesin
relationto this externalfield. In this extremecase the eigenfunctionof the whole atom
canbe expressedasproducts,or sumsof products,of electronorbital eigenfunctionsand
their spineigenfunctions.

(28)
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We would lik e to specifyherethe completeterm chartincludingthe spinsfor thethree
electronproblem.Thatis, thesolutionsfrom 82.2, Table1 (p. 8) shouldbe combinedwith
the solutionsfrom this Section Egs. (26), sothatthetotal solutionis antisymmetric.

| Table(5) | Enegy | Eigenfunction |
Quartetsystem
. W=A-B-C-D | &/ VEh-¥)
No equialent 1. Doubletsystem 1/2{3:(e7'%y, — €®y})
electronsi.e, _ b SiblN T
m, p,| all different W=A-R +82(efy; — ey}
e 2. Doubletsystem 1/2{8: (e, + €?ylh)
W=A+R +6£2(e|¢yls+e_l¢ylsl)}
Two equialent
electrond.e., \I;)VoEtll\eis%/stem %{523/52 —Og2Ye }
l=m -

Table5

Theinteractionof the spinswasneglectedin theseenegy values. The sameconsider
ationscanbe appliedto all atomsfor which all electronspup to three,arefoundin closed
groups. The eigenfunctionf the total systemare not products rathersumsof products
of eigenfunctiongrom §2.2andEq. (26). This occursalwayswheneer eigenfunction®f
differentsystemsJ, yield the sameenepy values.

To fostera comparisorof Table5 with empiricalobsenations,we noteto begin, that
the variousmultipletsin the term diagramsdiffer on the scaleof the resonancenterac-
tions. Thetermwith the highestmultiplicity hasthelowestvalue,asthequantitiesB,C, D,
are,asin the theoryof the helium spectrum(see: ([1]), p. 508), arein generalpositive.
Empirically it is seenthat generallythe term with the highestmultiplicity, given equal
guantumnumbers hasthe lowestvalue,a factthat heretoo is evident. This is soasthe
termwith the highestmultiplicity correspond$o symmetriceigenfunctionsof all spins,
if the eigenfunctiond, m,... p aredifferent. (For the maximalvaluem = n/2, the only
associate@igenfunctioris a1, do, ... dn.) Thereforethey mustbethe sphericallysymmet-
ric electroneigenfunctionsavhich areto be multiplied by the spin eigenfunctiongo give
theneededantisymmetridotal eigenfunctionsTheir correspondinggenegy valuesalways
containthe resonanceontribution with a minussign (See:[1], Eq. (19), andis therefore
smallerthatall otherenegy values.If someelectronsareboundinto isolatedgroups,the
above considerationstill pertain,solong asresonancavith the completedshellscanbe
neglected.

With respecto Table5, note,that—analogouto theHelium problem—uwithinanatom,
in theendcombinationdetweerdoubletandquarticsystemsarisewith arelative strength,
which correspondso therelative separatiorof the variousmultiplets. On the otherhand,
thevariousdoubletsystemsombinewith eachotherwith normalintensities.

§2.4. In the previous Sectionswe have treatedthe motion of the centerof gravity of
the electronsseparatdrom that of the spins,andgot the total solutionasa combination
of both. In orderto studythis problemfrom all sides,we shallreversethis procedureand
begin with anatomwith spinningelectrons.

We take it thatthereis a strongexternalfield, andthatthe interactionsbetweenrelec-
tronscanbe neglected. In this caseeachelectronseparatelycanbe consideredo bein a
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stationarystate.As thespininteractionwith theorbitalmotionis negligible, theeigenfunc-
tions canbe expressedaccordingto Eq. (6) asproducts. Again we considerthe indeces
[,m,..., paspertainingto theorbital motionsanda, (3 to thespin. Thetotal wave function,
then,canbedesignatede.g.,l1a1. If theinteractionof the spinwith the orbital motionis
large, thensucha productis not possibleandwe usefor this casethe designationi.

In this casethe unperturbedystemis not degeneratethe antisymmetriceigenfunction
servingasthesolutionis givenby its determinate:

g g p
5 g - B
(29)
o mg o pP
As shorthandor this determinantlet ususethe symbol
1
2
n

If, however, spininteractioncanbeneglectedn comparisomwith electronorbitalenegy
(thatis, theseparatiomithin amultipletis smallwith respecto theseparatioftetweerthe
multiplets),thentheunperturbedystenis degeneratevenin the presencef anarbitrarily
largeexternalforce. Thatis, onecanarbitrarily distributethe* a” and“p” statesof thespin
amongthe orbital eigenfunctiond, m,..., p. In otherwords,therearisesthe degenerayg
describedn §2.3,which resultsin the separatiorof the multiplets. If the eigenfunctions
I,m,...,p areall different,thenthe numberof determinantdelongingto the sameenegy
of theunperturbegroblemis givenby Eq. (23) andthe numberof multipletsby Eq. (28).
If two of themareidentical,saythefirst two, the determinants:

@ @ ... pB B 1B ... pB
1 1
2 and 2
n n

arezeroidentically, andthe othertwo determinants:

[« B ... pb Boja ... pf
1 1
2 and 2
n n

areidenticalup to a sign. To eachof two identical orbital eigenfunctionsa distinct spin
eigenfunction,i.e., eithera or (3, mustbe attached;that is, “equivalent orbits” do not
occut The numberof the possiblemultipletsis equalthe numberfor n— 2a spinsin the
sensef §2.3,whereais thenumberof pairswith identicall,m, ..., p. Morethantwo each
eigenfunctionsvith thesamd, m,... p donotoccur



14 W. HEISENBERG

For the calculationsn 82.3theinitial assumptiorwasthatthe separatiorbetweenthe
differentmultipletsresultedfrom small spininteractions.Multiplets with identicalmulti-
plicity hadthesameenegy. Now the separationbetweerthe multipletsaredeterminedat
the outsetby the interactionof the electrons.—Theestof the calculationdepend®n the
particularcircumstancesf the atomsunderconsideration.

Hereit is usefulto startwith aparticulartermfor anatomandto studywhich stateof the
wholesystemarisesf in thistermthereis anelectronin agivenorbit. Suchconsiderations
leadto thefollowing calculation:

Theinitial systemhasn — 1 electronsaandthe antisymmetricigenfunction

(30) U(L,2,...,n—1).

Degeneraciesirelifted by actionof externalfields. This function belongsto a particular
valuew = ¥ ,ms in thesensealescribedn §2.3.We considehereapositive valuefor m, as
thereis alwaysanotherstationarystatewith the eigenfunctiorV thatbelongsto thevalue
S nMs = m— 1, andwhich, for vanishingmultiplet splitting andvanishingexternalforces,
hasthesameeneny, i.e., belongsto the samemultiplet.

At this pointanelectronwith the eigenfunctiorkﬁ is insertednto the problem.Solong
asthe interactionof this electronwith atomis very small, therewould be no degenerag.
The (antisymmetric!)eigenfunctiorfor thewhole systemis:

(31) (1,2,....n=DKE+(=1)"U(2,3,..nKE + (=1)2U(3,4,...,n, Kb+ ---}.

1
vt
Whenthe multiplet splitting canbe consideredmallin comparisorto theinteractionen-
ergy, degenerag will resultandthe eigenfunction:

(32)

%{W(]vza'“an_ l)kﬁ + (_1)nW(2737n) g + (—1)2n\/\/(3,4,...,n, 1) g + }7
will belongto the sameenegy asthe unperturbesgystem.

Resolutiorof the perturbatiorproblemleadsto a simpletwo membermdeterminantfrom
which theenengy splitting is easilydeterminedf U andW aregiven. The enegy splitting
correspondén large measurdo a resonancef the electronswith the original atom. Si-
multaneouslyone of the two termsis a memberof a multiplet of multiplicity r — 1, the
otherbelongsto a multiplet of multiplicity r 4+ 1, if the termof theinitial systembelongs
to multiplet of multiplicity r.

Egs. (31) and (32) indicatethe situationof the multipletsin an atomin a relatively
simplemanneiif the structure(andtherelevanteigenfunctionspf the preceedingitom(or
ion) in the periodicchartis known.

The considerationpresentecherein should give a generaloverview of the physical
problemandthe mathematicamethodsfor solutionfor atomswith mary electrons.Per
hapsthe schemegiven hereis still insufficiently general. But, | wish to emphasizethe
following resultsmay be considerfully reliable:: the division of all spectrainto multi-
plets, splitting by effect of interactionbetweenspin and orbit (CosineLaw and interval
proportions!);separatiorof the variousmultipletsfor the sameelectronquantumnumber
dependingon the resonancénteraction;the term systemfor vanishingmultiplet splitting
comprisesasin Helium, noncombinablesubsystems.

3. THE RESONANCE EFFECT IN THE THEORY OF SPECTRAL BANDS

In this theory of bandspectra,in contrastthe old theory QuantumMechanicsintro-
ducesa substantiatifferenceonly in sofar asoscillationandrotationquantumnumbers
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take on half integervalues[19](For exactquantunmechanicatalculationssee:[20—-24]).
Although, this resultis sufficient to represena large collectionof obsened bandspectra,
therearestill othersfor whichit is insufficient.

In mary bandsaintensityvariationis obsenedsuchthatsuccessie linesof arotational
bandalternatelyappearstrongandweak, in someotherbandsevery otherline is absent
altogether[2526]. This empiricalfact,asis known, hasbeenthe occasionof a represen-
tation of thesebandsin termsof a quarterquantumnumber No matterhow well sucha
scheméhassucceeded[27]t contradictghe correspondencgrinciplefor which achange
in the rotationquantumnumberis givenby p — p=+ 1/2. Theseanomalousandsareob-
senedonly for two atommoleculeswith identicalnuclei’. Thus,it is reasonabléo relate
theintensityvariationwith aresonancéetweerthenuclef, astudyof whichwe undertale
below.

The eigenfunctionfor the whole moleculeis comprisedof the productof four eigen-
functions,of which thefirst is for the electronorbital motions,the secondfor the nuclear
oscillationsthethird for motionof thecenterof gravity andthefourthfor nuclearotation.
Again, the termsare divided into two systems,one of which constituteseigenfunctions
symmetridn the coordinatesthe otherchangesignunderexchangeof nuclei. HUND[31]
givesthoroughanalysisof the first factor of theseeigenfunctionswvhich belongsto the
electronorbital motionin molecules.From his work we conclude that, disregardingde-
generaciesthe electronfunctions are always either symmetricor antisymmetricin the
coordinatesf the nuclei. The oscillation eigenfunctionis—insofar asit dependson a
singlevariable: the distancefrom the nucleus—certainlgymmetricin the coordinateof
the nucleus. Lik ewise, the eigenfunctionfor translationof the centerof gravity surelyis
symmetricin the coordinate®f the nucleus.As the independentariablefrom which the
eigenfunctiongor rotationof the moleculedepend|et uschosethe anglew aboutthe axis
of theangulamomenturmp of thenucleusthatis, theanglethattheline connectinghenu-
clei makeswith thenodeline—hereafixedline in the planein whichthe moleculerotates.
Theangularmomentump is awhole number the enegy is proportionalto (p+1/2)% up
to an additive constant. The eigenfunctionbelongingto a particularvalue of p, is then
(unnormalized):

(33) epv.

Exchanginghe nucleithenimplies changingw by anamountrt. Thus,all rotationfunc-
tions,Eq. (33) for evennumberp’s aresymmetricandfor odd p’santisymmetridn the co-
ordinatesof the nuclei. Suchconsiderationsanalsobe carriedout with SCHRODINGER’S
wave functions thatis with the polaranglesy, ¢, but, the calculationsareabit morecom-
plicated.Finally, we obtainthefollowing termsystem:

| A. Symmetricsystem | B.Antisymmetricsystem |
Symmetriceigenfunctions Symmetriceigenfunctions
andp=0,2,4,... andp=1,3)5,...
Antisymmetriceigenfunctions | Antisymmetriceigenfunction
andp=1,3,5,... andp=0,2,4,...

"MEck E[28] andSLATER[29] have assumedhattheintensityvariationrelatesto the symmetryof thenuclei.
Both of their considerationsliffer substantiallyffrom ours. SLATER’s agumentsagreewith ourswith respecto
thecorrespondencegrinciple.

8Seealso: [30].
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Thisintroductioncorrespondso the distribution of termsfor Heliuminto thepara-and
ortho-heliumsystems.

The bandsystemghat arisefrom combinationsof thesetermsare distinguishedrom
the usualbandsystemsby the following characteristics.Thereis for a particularelec-
tron transitiononly eithera null branch(p — p), or a P— and Q-branch(p — p+1).
The first of theseis the casewhenthe electrontransitionis betweentermsof the same
type (i.e., symmetrie»symmetric,or antisymmetrigsantisymmetric) the secondoccurs
betweerdissimilartypes(symmetrig+antisymmetric).

Hereaftertherearevariouscasedo distinguishamong.To begin, let ustake it, thatthe
nucleiaresphericallysymmetricj.e.,beyondthedegreef freedomconsideredhere there
areno others,suchas,say aneigenrotation.Thenthe above two systemsdo not combine
in any way, sothatonemustconsideyin analogyto electronandlight quantastatisticsthat
only oneof the two term systemsoccursin nature. In the first instance onewould tend
to considerthe antisymmetricsystemB in orderto completethe analogywith electron
statistics.Onecannotbe certain,however, andin thefollowing considerationg will turn
out not to matterwhich systemis selected.If only one of the two systemss available,
thentherewill ariserotationbandsby causeof combinationsuchthatevery otherline is
absent. If, for example,the antisymmetricsystemgivesthe final solution,thenthereis
for atransitionfrom symmetricto symmetricelectronfunctionsonly a null branchfor the
transitions’5 — 5,3 — 3 and1 — 1. Similaritiesareseenin the bandsfor helium (atomic
weight4) andoxygen(atomicweight16), andthesenucleiseenparticularlystable closed
structuresandhave no eigenrotationThe exclusionof oneof thetwo solutions thatis, the
reductionof the statisticalweight by a factorof 2, playsa role, asis well known, in the
derivationof statisticalchemicalconstantgor diatomicmolecules.

As a further example, let us considey that the two nuclei of the moleculeof inter-
esthave an eigenrotationsimilar to two electrons,andof the sizes= 1/2, andthatthe
systemis antisymmetric. For this casethe term systemgiven above givenis fully anal-
ogousto that of the helium aton?. Both systemsj.e., the para-and ortho-systenarise;
and, they exhibit very weakinteractions. In systemA the nuclearspinsare antiparallel,
in B, parallel. All termsin systemB have, therefore,statisticalweight 3, while those
of A, have statisticalweight 1. In a particularband—thenull branch,say which be-
longsto electron[orbital] transitionssymmetrig»symmetric—alllines occur; the lines
for...,5—5, 3— 3, andl — 1 arethreetimesasintensive (all otherfactors,temper
aturesay thataffect intensity beingequal),asthelines..., 4 —» 4, 2 —» 2, and,0 — 0.
If the angularmomentumis largerthan1/2, thenthe relationshipbetweenthe statistical
weightsapproachesnity.

Examplef suchanintensityvariationhave beenseerto appeain N5, andmaybealso
for Hp[32]. It is satisfying,thatthe nitrogennucleus(3 Helium nuclei+ 2 hydrogemuclei
+ 1 electron)andthe hydrogemucleusall possegigenrotation.

A ratherdifferentsortof intensityvariationarisesif the nucleihave no furtherdegrees
of freedom,but still variousisotopesthatis, varioustypesof nucleiwith the sametotal
chage. In this caseall moleculeswithin whichthe nucleiaredistinguishablewould have
the usualspectraof emissionswhereasall othermoleculesshouldhave the type of band
structurediscussedabove, for which every otherline is absent. The total spectrumthen
would be a mixture of thesetwo variants. Such,however, seemsexperimentallyunob-
sened.

91 thankF. HUND for bringingthisto my attention.
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The considerationglescribedhereinas presentedn §2.2 could be extendedeasily to
moleculeswith identicalnuclei. Sucha study becauseof the diversity of experimental
results,is initially only of theoreticainterest.But asthereis for the moleculesconsidered
§2.2rathermorecomprehensiblsubstitutiongroupswith concretemeaninga specialex-
amplewill workedouthere.

We considera tricotomic molecule consistingof threeidentical
atoms arrangedasanisosceledriangle(SeeFig. 1).

The eigenfunctiondor translationand oscillationsare always
symmetricin the nuclei; we considerfirst only the rotationin the
planeof thetriangle. Let the momentumbe p andthe eigenfunc- @‘j
tion belongingto it is againeP®, if w, asabove, denoteghe angle
aboutthe axis of p. Theremustbe now, accordingto §2.2,three
noncombinabletermsystemsT 1, ¢, I .2 (€ = ¢/ ) which have
the characteristicthatthe eigenfunctionsiremultiplied with 1, possiblye?, if theseeigen-
functionsaresubjectedo the substitutionS(1 2 3).

Thecyclical substitution(1 2 3) signifiesnow arotationof themoleculesf 211/3, thatis
anincreasen w of 211/3. Moreover, therearestatef themoleculefor whichthesequence
of the nucleion thecircle in Fig. 1isnot12 3, but 1 3 2. The substitution(1 3 2) here
signifiesa rotationof 41t/3. In additionthe bandtermsin this permutatiorcanbe divided
into threesystems 1, ¢, e from whichin full analogyto Tablel (p. 8):

| B! | E | Mo |
Order123 Order123 Order123
p=0(mod3) p=1(mod3) p=2(mod3)
Order132 Order132 Order132
p=0(mod3) p=2(mod3) p=1(mod3)
Table6

As in Table2 (p. 8), eachterm of I'¢ hasthe sameenegy, asdo the termsin I'y2; the
enegy'Cis proportionalto p2. If the nucleiasa systemof pointsis symmetric,andonly
the symmetric(or antisymmetric)solutionsremain,thenonly onetermin the systeml;
remainsandin therotationspectrunonly everythird line appearstheothertwo arealways
absentFor otherdegreesof freedomof the nucleicorrespondingntensityvariationsarise.

Fromtheseconsiderationsothingsubstantials changedif generakotationsof thetri-
anglemoleculearetakeninto account. The anglew remainsa cylindrical coordinateand
p remainsconstant. Anotherquantumrotation numberis added representinghe whole
angulatmomentumthe correspondindpandsoverlaythoseconsideredibove without dis-
tortion.

Theabove calculationsalwaysconcernediresonancef the nuclei, thisis justified for
the sale of the analogyto the consideration®f §2.2. But one shouldnot imaginethat
resonancémpliescomplex oscillatoryphenomenahe nucleifollow identicalorbits (with
differentphasespndchangeplaceswith adistinctfrequeng. They do sosimply by cause
of rotation and the resonancdrequeng is just the rotation rate. Theseconsiderations
provide an explanationfor a paradox,that can be problematicfor the understandingf
termdistributions. At firstit seemsemarkablethatalso(for pointwisesymmetricnuclei)
within theantisymmetrisystemsothatnoequialentorbitscanarise thatsimplerotations

10comparewith ref. [22].
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are possible,for which obviously the nucleifollow “equivalent” orbits. The solutionto
this puzzleis to be found in the fact, that the expression“equivalent orbits” is defined
above only for the mamginal caseof vanishinginteraction. If the nucleusis bound by
an exterior force onto a particularpoint andthenreleasedadiabatically the rotationwith
antisymmetriceigenfunctionscertainly doesnot go over to “equivalentorbits” of both
nuclei.—Theselectionhere of antisymmetricsystemson the basisof a prohibition for
equialentorbits cannotbe effortlesslyreplaced.

Empirical proof of theseideasthusfar hasbeenfound only for dichotomicmolecules.
Onemay hopethat an examinationof this empiricalmaterialwill leadto importantcon-
clusionsfrom the point of view of nuclearresonance.
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