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ABSTRACT. Thelawsof quantummechanicsareappliedto atomswith multipleelectrons.
In particularwe investigatethe questionregardingthe interconnectionbetweenquantum
resonancephenomenaandmultiplet structurein thespectrumof complex atoms.Thenthe
sameresonancephenomenaarestudiedin thetheoryof moleculesandtheirbandstructure
whereit leadsto interpretationof theknown intensityanomaliesin certainrotationspectra.

The spectraof atomswith two electronscan be, at leastqualitatively, describedby
quantummechanics[1]. Thesubstantiallynew viewpoint thatemergesin comparisonwith
singleelectronatoms,involvesacertainresonancephenomenon,thatleadsto subdivisions
of thetotalspectrainto noncombinableterms,eachof whichaloneis acompletequantum
solution. Of thesesubsystems,oneconformsto the PAULI principle [2], which asserts,
that “equivalent” electronorbitsmaynot arise.This subsystemwaschosenwithout good
justificationasthephysicalsolution.Suchachoiceof physicalsolutionenabledthemodi-
ficationsof thestatisticsof thesortsuggestedby BOSE andEINSTEIN [3]. Independently,
DIRAC cameto similar conclusions[4]. DIRAC especiallyemphasized,thatgenerallyone
shouldchosethe solutionwhich is in accordwith PAULI ’s principle, from which he ar-
rivedat thestatisticsof an idealgas,which in largemeasureagreeswith FERMI ’s theory
of degenerategases[5]. With theseconsiderationsthesolutionfor multielectronatomsis
in principleat hand.But, to show thatthesolutionsoobtainedactuallycorrespondsto the
observedspectraof suchatoms,a numberof furtherconsiderationsarenecessary.

1. GENERAL PRINCIPLES

Thefollowing calculationscanbecarriedout on theonehandon thebasisof theusual
form of quantummechanics—intermsof matricescorrespondingto thetermsof aFourier
series—oron the other handin termsof SCHRÖDINGER’s waves in phasespace. The
formal relationships—hereinfor the multi body problemalso—geta more generaland
systematicmathematicaltreatmentin the formalism recentlydevelopedby DIRAC and
JORDAN 1. First, let usreview theimportantbasicconcepts.

1P. DIRAC [7]. I am indebtedto Mr. DIRAC for making this work available to me beforeits publication.
In themeantime I have beeninformedby Mr. JORDAN’s friednly communicationsthathehasobtainedsimilar
results[8], thatareequivalentto both DIRAC’sandthis author’s [9]. Someof theseresultswerecommunicated
to theauthoralreadyearlierandindependantlyby Mr. PAULI. Seealsothework by LANCZOS [10]. Addedin
proof: SeeLONDON [11].
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2 W. HEISENBERG

Thesolutionto a problemin quantummechanicsis givenby thesolutionto aneigen-
valueproblem2

(1) S
� 1HS � W � or HS � SH � 0 � SS̄

� � 1 �
whereH is theHamiltonianfunctionof thesystemasafunctionof p andq, W thediagonal
matric in which theelementsaretheenergy eigenvalues,andS is thesoughttransforma-
tion matrix. In theoriginal formulationof Eq. (1), bothp andq in H areto beexpressed
asmatricesthat correspondto Fourier seriesobtainedfrom an appropriatelychosenini-
tial problem.Eq. (1) thenbecomes,in general,a complicatedlineardifferentialequation
of infinite order for the Snl, for which the eigenvaluesWn are the energy valuesof the
stationarystates. According to DIRAC more generalmatricescanbe introduced. Such
matricescanbeso selected,suchthat, for example,all q

�
q1 �����	�	� qf 
 of the systemaredi-

agonal;but then,by causeof the relationspkqk � qkpk
� h� � 2πi 
 � thep

�
p1 ���	���	� pf 
 natu-

rally cannotthenbe diagonal.Likewise, if oneintroducesany othercanonicalvariables,
ξ � η � ξ1 ���	�	��� ξ f ;η1 �����	��� η f 
 which satisfythecommutationrelations,thenagaintheξ canbe
choseto bediagonal.In S theenergiesWn thenareindexedby n andexpressedin termsof
thenumbersξ,

(2) S :
�
S
�
n � ξ 
�
 � or

�
Sn
�
ξ 
�
 �

ThenEq. (1) is equivalent3 to:

(3)



H � ξ � h

2πi
∂

∂ξ � � Wn� Sn
�
ξ 
 � 0 �

from which Sn
�
ξ 
 canbe determined.In additionto Eq. (3), therearethe orthogonality

andnormalizationconditions:

(4)
SS̃
� � 1 or ∑ξ Sn

�
ξ 
 Sm

�
ξ 
 � δnm;�

Sn
�
ξ 
 Sm

�
ξ 
 dξ � δnm

� 1 for n � m
0 for n �� m

�
dependingon whetherξ is continuousor discrete.Written out completely, theseequation
are:

∑
ξ1 � ξ2 � � � � ξ f

Sn
�
ξ1 ���	�	� ξ f 
 S�m � ξ1 �����	� ξ f 
 � δnm�

or �
Sn
�
ξ 
 S�m � ξ 
 dξ1 ���	��� ξ f

� δnm�
In the particularcasein which ξ equalsthe positioncoordinatesq, andη equalsthe mo-
menta,Eq. (3) takestheform of SCHRÖDINGER’s differentialequation.In thecaseξ � J
andη � ω (action-anglevariables)for any particularproblem,Eq. (3) takesthe original
form of Eq. (1). S is in generalthematrix, for which theindex n is discreteandtheindex
ξ continuous.In the specialcaseξ � q andη � p, a columnof this matrix, Sn

�
ξ 
 , is an

eigenfunctionof SCHRÖDINGER’s differentialequation. The quantitiesSn
�
ξ 
 andS

�
n
�
ξ 


encompassall thatcanbesaidaboutstationarystatesof atoms.Theusualdiagonalmatrix
of a function,f

�
ξ � η 
 , derivedfrom energy eigenvaluesis givenby

(5)
fnm
� ∑ξ S

�
n
�
ξ 
 f � ξ � h

2πi ∂ξ � Sm
�
ξ 
 � or

fnm
� � S

�
n
�
ξ 
 f � ξ � h

2πi ∂ξ � Sm
�
ξ 
 dξ �

2See[6], Chapter3, Eq. (13).
3Theequivalenceof matricesandoperatorswasnotedalreadyby BORN andWIENER [12]. Thisequivalence

playeda largerole in SCHRÖDINGER’sresearches[13], andwasrecognizedfor its full generalityandexploited
by DIRAC [4].
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Thephysicalinterpretationof theproduct

S
�
n
�
ξ0 
 Sn

�
ξ0 
 �

or alternatelyin thecontinuumcase

S
�
n
�
ξ0 
 Sn

�
ξ0 
 dξ �

is, that it is the probability, that in the stationarystaten, the variableξ � ξ0 , or in the
continuouscasethat ξ0 � ξ � ξ0 � dξ [1]. The quantitiesSn

�
ξ 
 aregenerallyknown as

the eigenfunctionsof the quantumproblem. They arefunctionsof asmany variablesas
theproblemhasdegreesof freedom:Sn

�
ξ1 ���	���	� ξ f 
 � If Eqs. (1) or (3) areseparablein the

degreesof freedom,thenS canbefactored

(6) S � S1
n
�
ξ1 
 � S2

n
�
ξ2 
 �����	��� Sf

n
�
ξ f 
 �

For thefollowing calculation,thecasein whichwedonotneglectthemagneticmoment
of the electron,which accordingto UHLENBECK andGOUDSMIT [14], derivesfrom its
rotation. Suchan electronhasfour degreesof freedom[the total angularmomentumof
spin is not included,asit is fixedat a values � 1 � 2.4 ], e.g.,the threecoordinatesof the
centerof gravity, the positionof the “line of nodes”of the eigenrotation,on which the
projectionof s is ms. If to first ordertheinteractionbetweentheelectromagnets(spin)5 and
orbitalmotionis ignored,thenS canbewritten

S
�
ξ1 � ξ2 � ξ3 
 S4 � ξ4 
 �

If the line of nodesis chosenfor ξ4, thenSCHRÖDINGER’s theoryis neededto treatthe
orbital electronsto determineS4. This problemstill hascertaindifficulties. But, asthe
choiceof ξ4 is unconstrained,andthetreatmentof theorbiting electronin thelanguageof
matricesis well known, thedeterminationof S4 � q4 
 is superfluous;onecould,for example,
chooseξ4 astheprojectionof sonsomefixedexternalaxis,ms, sothatS4 is theunit matrix
andms

��� 1 � 2.

2. MULTIELECTRON ATOMS

§2.1Researchin recentyearssystematicallyhasrevealedthespectraof complex atoms,
so that now to each“term” onecanattribute a particularmotion in the senseof BOHR.
Among the importantstepsin thesystematizationof spectra,the following deserve note:
SOMMERFELD’s n � k � j-orderingof theterms,LANDE’s theoryof theZeemaneffect, CA-
TALÁN’s discovery of multiplets,PAULI ’s exclusionprinciple, the RUSSELL-SAUNDERS

model,HUND’s systematizationof thespectraof higherorderperiodsof theperiodicsys-
tem,andfinally the UHLENBECK-GOUDSMIT hypothesisregardingthe angularmomen-
tum of anelectron.Thebranchof quantummechanicscoveringthis matterhasbeencom-
prehensiblysurveyed,for details,we recommendref.: [15].

In theconceptualizationof models,thatcomprisethebasisof theorderingof theterms,
a certainanalogywith classicalmechanics,referredto asthe“adiabatic”correspondence,
is made.Motion of an electronin anatomis consideredinfluencedby the chargeon the
nucleusandby otherelectrons,wherethelatteraredescribedbyanaverage,i.e.,theprecise
interactionof moving electronsis not taken into account.While a continuousexchange
of energy betweenthe electronsmight be expectedto occur—as would be the casein
classicalelectrodynamics—becauseof the fundamentalprinciple of quantummechanics,

4For thesake of simplicity, thesevaluesaregivenbelow only in termsof thequantumnumbers.
5Translator: HEISENBERG usedtheterms‘magnet’or ‘electromagnet’which have beenreplacedby ‘spin.’

For thesake of readabilityfor themoderneye, in this translationthelattertermis usedthroughout.
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it doesnot occur [16] (comparewith FRANCK-HERTZ scatteringexperiments),so that
finally the“adiabatic”correspondencemightbeexpectedto yield theactualregularitiesof
thespectra,which in fact it does.Quantitative analysisof this correspondenceis possible
naturallyonly with quantummechanics.

This coarsecorrespondencecould not, however, provide a completeinterpretationof
theactualquantumtheoreticalprocesses,in sofar asevenin quantummechanicsaccount
shouldbe taken of the finer electronicinteractions. This aspectof quantummechanics
cannotberenderedin termsof mechanicalimages.This is so,becausethesedetailedelec-
tron interactions,aswell asinteractionsby meansof externalradiation,arecharacterized
by the direct appearanceof the effectsof discontinuities[1]. Quantummechanicsarose
in thefirst instancefrom aneffort to understandthe interactionof externalradiationwith
atomicelectronsin termsof thesevery principles.Quantummechanicsprovidesjust this
treatmentfor thefiner interactionsvia theresonancephenomenathatweconsiderherein.

Thelack of ananaloguefor thedetailedinteractionof electronswith theimageryfrom
coarsecorrespondencesmust lead to conflicts betweenmodelsand observations. Such
conflictsareto befoundin theexistenceof ‘multiplets.’ Thesemultipletsarise,asis well
known, by causeof the fact that the electrons’magneticmoments(spins),in the sense
of UHLENBECK-GOUDSMIT, align themselvesparallelor antiparallelandthenareadded
(l ) to orbital angularmomentum( j). In a mechanicalmodel, the electronswould not
be parallel,as the interactionis vanishinglysmall. Even were the interactionlarge, the
effect would not dependon the relative orientationof the electron,ratheron the relative
orbital position; the electronswould not be parallel. We expect, therefore,than for an
interpretationof themultiplet structure,quantumresonanceplaysa crucialrole.

§2.2Becausetheforcesthat link spinwith theorbital motiongenerallyarevery weak,
theseforcescanbe neglectedin a first approximation.From empiricalevidencefor this
problem,onecanconclude,that the whole term systemfor an atomcanbe divided into
subsystems,betweenwhich thereareno interrelationships(e.g.,ortho-andpara-helium).

To begin, we carryout this separationinto noninteractingsubsystemsfor n point sym-
metric electrons.We do so startingwith a noninteractingsystemandthenconsiderthe
interactionasaperturbation.In theunperturbedstatetheelectronsexist in variousstation-
ary states,for which the eigenfunctionsl � m�����	�	� p areascribed.Thenumberof electrons,
from which the coordinatesof the eigenfunctionsdepend,areattachedto the eigenfunc-
tionsasindices(e.g.,l1 � m2 ���	��� pn). Theeigenfunctionfor theunperturbedtotal systemcan
beexpressedastheproductof theeigenfunctionsof the individual electrons.Theunper-
turbedproblemexhibits a n! degeneracy, astheexchangeof theindividual eigenfunctions
givesthe sametotal systemeigenfunction.Thus,arbitraryaggregationsof suchproducts
canbetakenasthesystemeigenfunction.

If the separationof the term systemsof the unperturbedprobleminto incompatible
subsystemsis made,thenthisseparation(in sofarasall electronsareidenticalandsubject
to identicalinter electronforces)cannotbeperturbedby any typeof interaction.That is,
the typeof separationinto incompatiblesubsystemsis totally independentof thespecific
type of interaction,while at the sametime being the crucial stepin the solution of the
problemwith interaction.Theseparationcanbeeffectedin two ways:

1. A seriesof noncompatibletermsystemsis definedby thefact,thataneigenfunction
of any of the subsystems,multiplied by a symmetricfunction of the electrons,can be
expressedonly in termsof eigenfunctionsof theverysamesubsystem.Or:

2. Let u and v be eigenfunctionsof two distinct subsystemssuch that the integral�
u
�
vf dξ [See:Eq. (5).] vanisheswhenever f is asymmetricfunctionof theelectrons.
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We seeknow to constructsucha systemandbegin with theeigenfunction:

(7) u � l1m2 �	��� pn �
All functionsl � m���	�	��� p aredistinct.For theunperturbedsystemtherearen! termswith the
sameenergy; thecorrespondingeigenfunctionsarederivedfrom (7) whenever theindices
arepermuted.A substitutionin thenumberof electronsis denotedS, andin grouptheory
usuallyis written

(8) S � � 1 2 �	��� n
a1 a2 �	��� an � �

Su thendenotestheeigenfunction

(9) Su � la1ma2 �	��� pan �
A power or exponentialof a ‘substitution’ is to beunderstoodasa repeatedapplicationof
thesubstitution;i.e.,S0 � 1 the“identity” substitution.Thereis alwaysasmallestexponent
Sν for S(ν � 0) for which

(10) Sν � 1 �
ν is thencalledthe“grade”of thesubstitution.Theproblemof incompatibletermsystems
is seenhereto bein very closecontactwith thegrouptheoryof permutations[17]. Let ω
beaprimitiveroot of theequation

(11) ων � 1 �
Thenwe form thesumof eigenfunctions:

(12)

U1
� 1��� ν

�
u � Su � S2u � �	��� � Sν � 1 
 �

Uω
� 1 ��� ν

�
u � ωSu � ω2S2u � �	�	� � ων � 1Sν � 1u
 ��	���	���	�	���	���	�	���	���	�	���	���	�	���	���	�	���	���	�	���	���	�	���	���	�	���	���	�	���	���	�	���	���	�	���	���	�	���	���	�	���	���	�	���	���	�	���	���

Uων  1
� 1 � � ν

�
u � ων � 1Su � ω2 ! ν � 1" S2u � ���	� � ω ! ν � 1" 2Sν � 1u
 �

(Thefactor1� � ν is insertedfor normalizationof thefunctionsU if theu werenormalized.)
Theseν eigenfunctionsU in generalspanonly a portionof theindependenteigenfunc-

tions. As a resultof known laws, ν is only a portionof n!. Let usnow selectanarbitrary
eigenfunctionfrom thesetof permutationsthat is not containedin thesetu � Su ���	���	� Sν � 1u
andthenapplyto it againthesameprocesswith thesamesubstitutionS, to getnew eigen-
functionsW1 �Wω ���	���	�Wων  1 � This tactic is to becontinueduntil thewholesetof n! eigen-
functionsfrom Eq. (7) is spanned.If all termsbelongingto specificpowersof ω : ωλ are
groupedtogetherin termsystemsΓωλ—whichmayalsocontaintermswith arbitraryother
functionsthanl � m���	���	� p—thenthefollowing statementholds:

ThetermsystemsΓ1 � Γω ���	�	��� Γων  1 cannotbecombinedwith eachother.
In orderto verify this,considertheintegral (or thecorrespondingsum,seeEq. (5)):

(13)
�

γ
�
ωλ γ #ωu f dξ �

whereγωλ � γ #ωu arearbitraryeigenfunctionsbelongingto the systemsΓωλ or Γωu, and f
is a symmetricfunctionof theelectrons.A permutationof theelectronnumberingin the
integraldoesnot leadto a changeof value.In particularwe applythesubstitutionS to the
integrand.FromEq. (12) it follows in generalthatSγωλ

� ω � 1γωλ . Thus,Eq. (13), with
substitutionS, becomes:

ωλ � µ
�

γ
�
ωλ γ #ωµ f dξ �
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andit follows that

(14)
�
1 � ωλ � µ 
 � γ

�
ωλ γ #ωµ f dξ � 0 �

Thus,the integral on the left side,which determinesthe combinations,is null for λ �� µ,
that is, the systemsΓωλ � Γωµ do not combinewith eachother, just combinationswithin a
systemΓ arepossible.

The separationinto incompatiblesubsystemscanoften be continued,so thata few or
all systemsΓ canbe further divided into subordinatesubsystems.Considera particular
eigenfunctionΓωλ :

(15) Uωλ
� 1 � � ν $ u � ωλSu � ω2λS2u ���	�	��� ω ! ν � 1" λSν � 1u%&�

Supposethereis anew substitutionT of gradeµ , suchthat

(16)
T
�
1 � ωλS � ω2λS2 � ���	� � ω ! ν � 1" λSν � 1 
� � 1 � ωλS � ω2λS2 � ���	� � ω ! ν � 1" λSν � 1 
 T �

thenwe canconstructthefunction(εµ � 1
 :
(17) Zωλ � εk

� 1 � � ν $ Uωλ
� εkTUωλ

� ε2kT2Uωλ
� �	��� � ε ! µ� 1" kTµ� 1Uωλ % �

andthusdividesthethetermsystemΓωλ into µ new incompatiblesubsystems;asperEq.
(13)only termswith thesameε exponentcanbecombined.Thecondition,Eq. (16),must
besatisfied,however, in orderthattheeigenfunctionTUωλ still belongsto thesystemΓωλ .

Eq. (16) is satisfiedby all systemsΓωλ wheneverSandT commute,i.e.,when

(18) ST � TS�
Elementarygrouptheoryprovidesmethodsto find asubstitutionT satisfyingthiscondition
if S is specified.If ωλ is a primitiveν-th rootof 1, thenT mustsatisfyEq. (18) in orderto
beableto alsosatisfyEq. (16).

Evenwhenωλ is not a primitive ν-th root of 1, therestill exist substitutionsT, thatdo
not commutewith S but still satisfiesEq. (16). In generalterm systemsΓωλ that do not
correspondto a primitive root of ωλ, aresuseptibleto beingsubdividedfurtherthanthose
thatdo correspondto primitiveroots.

It shouldbementioned,thattheidentitysubstitution1 andanarbitrarypowerof Sr of S
satisfyEq. (18) for T, but still do not leadto a new divisionof Γωλ .

Thequestion:‘Into how many incompatiblesubsystemsthetermsystemfor ann- elec-
tron atomcanbedivided?’,cannotbeansweredin full generalitywith theconsiderations
outlinedhere. But, with theproceduredescribedherein,onecanalwaysfind thesubsys-
tems. As it is an importantpracticalmatterto find the appropriatesubdivision in asfew
stepsaspossible,it is the substitutionsof high gradethat arethe mostchallenging.The
gradeof a division is easyto estimateby a cyclical enumeration.A cyclical substitution
canbewritten in theform a1a2 ���	� az which meansin mannerdescribedabove,Eq. (8)

(19) � a1a2 ���	� az

a2a3 ���	� a1 � �
Thegradeof this substitutionequalsthenumberof elements,z. Every substitutioncanbe
decomposedinto a productof multiple cyclic substitutionsbasedon variouselements.If
z1 � z2 �	�	� thegradeof thevariouscyclesinto which Scanbesubdivided,then

z1
� z2

�('�'�' � n
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andthesmallestcommonmultiplesof z1 � z2 ���	� give thegradeof S. In thecaseof 12 elec-
tronsin variousquantumorbits,for example,substitutionsof theform

S � � 12345
 � 6789101112
 �
would be available. The gradeof S hereis 5 ' 7 � 35 andthe proceduredescribedabove
yield 35 incompatiblesubsystems.Moreover,

S � � 123
 � 4567
 � 89101112
 �
hasgrade3 ' 4 ' 5 � 60incompatiblesubsystems.Obviouslythis is themaximumof incom-
patiblesubsystemsthattheaboveprocedurecanyield in onestepfor n � 12.

If any of the eigenfunctionsl � m���	��� p are identical, i.e., thereareequivalentelectrons,
then the total of the numberof termsof different energies is no longer n!, rather it is
n! � � nα!nβ! ���	� 
 , wherenα � nβ ����� givesthenumberof electronsin statesα � β. In orderto use
theabove procedurein this case,onemustchosethesubstitutionS for which thegradeis
n! � � nα!nβ! ���	� 
 andthenwith it carryout thedistribution into noncombinableterms.

Asaconcreteexample,considerLithium, n � 36. Theeigenfunctionof theinitial system
is:

u � l1m2p3 �
We assumethat l � m andp aredistinct. Thecyclic substitutionis theoneof highergrade,�
123
 . Let ε beaprimitiveroot of 1, sothatfrom Eq. (12) weget:

(20)
U1
� 1� � 3 ) l1m2p3

� l2m3p1
� l3m1p2 * �

Uε
� 1� � 3 ) l1m2p3

� εl2m3p1
� ε2l3m1p2 * �

Uε2
� 1� � 3 ) l1m2p3

� ε2l2m3p1
� εl2m1p2 * �

Amongtheeigenfunctions,Eqs.(20), thecombinationsm1l2p3 did not occur. Thus,there
exists a secondseries,W1 �Wε �Wε2. The threeincompatibleterm systemscanbe denoted
mostsimply as:

(21) Γη
�,+ γ #η � 1 � � 3 ) l1m2p3

� ηl2m3p1
� η2l3m1p2 *

γ # #η � 1 � � 3 ) m1l2p3
� ηm2l3p1

� η2m3l1p3 *.- �
whereη for thethreesystemstakesthevalues1 � ε � ε2. ThetermsystemsΓε andΓε2 cannot
be further subdivided,aswith the substitution(123) only the powersof this substitution
areexchangeable.Γ1, contrariwise,belongsto anonprimitiveroot of 1. If onechoosesas
substitutionT anarbitrarytransposition,thenEq. (16) is valid for it. Thegradeis 2, the
two incompatiblesubsystemsbelongto theroots � 1 and � 1. Theeigenfunctionsare:

(22) Γ1 � 1 :
1� 2

�
γI
1
� γI I

1 
 ; Γ1 � � 1 :
1� 2

�
γI
1 � γI I

1 
 �
Γ1 � 1 andΓ1 � � 1 arethewell knownsymmetricandantisymmetrictermsystemsrespectively.

In the systemsΓ1 � 1 andΓ1 � � 1 the problemof the unperturbedatomis not degenerate,
as for both, only one term eachof particularenergy arises. Within Γε andΓε2 thereis
neverthelessa certaindegeneracy insofar as in eacha term with the sameenergy as in
the unperturbedsystemsoccurs. This degeneracy is lifted by the interactionin a way
dependingon theparticularsof theinteraction.

6Addedin proof: In a recentarticleWIGNER, [18], hasindependentlyobtainedresultsfor thethreeelectron
atomthatareequivalentto thosegivenherein.
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Thematrix, of thegivenunperturbedinteractionenergies,hasfour significantlydiffer-
entterms,andaverage:Wl �m� p;l �m� p � A, andthreeresonanceterms,thatcorrespondto the
exchangeof two electrons:

Wl �m� p;m� l � p � B; Wl �m� p;p;m� l � C; Wl �m� p;l � p �m � D �
The interactioninducesa perturbation,thatby well known principlesis givenby the fol-
lowing determinant: //// W � A � � B � ηC � η2D 
� � B � η2C � ηD 
 W � A

//// �
Thisyieldsthesix solutions(Note:B � ηC � η2D is replacedby Re2iϕ):

Γ1 Γε Γε2

W � A � B � C � D
or 10

2

�
γI
1 � γI I

1 
 1 � Γ1 � 1 W � A � R
or 10

2

�
eiϕγI

ε
� e
� iϕγI I

ε 
 W � A � R
or 10

2

�
e
� iϕγI

ε2
� eiϕγI I

ε2 

W � A � B � C � D
or 10

2

�
γI
1 � γI I

1 
 1 � Γ1 � � 1
W � A � R

or 10
2

�
eiϕγI

ε � e
� iϕγI I

ε 
 W � A � R
or 10

2

�
e
� iϕγI

ε2 � eiϕγI I
ε2 


Table1

In Table(1) thereis a characteristicdegeneracy still, insofaraseachtermof thesystem
Γε hasthesameenergy asonetermof Γε2. Formally this is dueto thefact,thatthematrix
elementsof the interactiontermsB � C and D are real. This holds true for any type of
interactionandthusthedegeneracy is a substantialfeatureof theresonancephenomenon.
Eventuallyin connectionwith thediscussionof themultiplet structure,we shall returnto
this point. Herewe note,that this degeneracy leadsto someindeterminacy in thedivision
into incompatiblesubsystems.

If two electronsareequivalent,say l � m, thenthe Γ classificationyields a full term
schemewith eacheigenfunctionγI

η
� γI I

η . In this casethereareno degeneracieswithin a
subsystemΓη, further, if A � D andB � C; onegetssolutions:

Γ1 � 1 Γε Γε2

W � A � 2B
Eigenfunctionγ1

W � A � B
Eigenfunctionγε

W � A � B
Eigenfunctionγε2

Table2

§2.3If for thetermspectrumof anatomdescribedabove,sphericallysymmetricelec-
tronic configurationsareassumed,thenchangesthatappearwhenspinorbital interaction
cannotbeneglected,canbetakeninto account.To begin we seekto derive thefactsof the
multiplet structure,thatis thefactthatspinis alwaysparallelor antiparallel.

The eigenfunctionfor the whole system,which consistsof orbital electroniceigen-
functions,so long asthe spin interactionis small, consistof productsof orbital andspin
eigenfunctions.Whenmultiple eigenfunctionsbelongto the sameenergy—asthe calcu-
lationspresentedabove show happensoftenby inclusionof the interaction—,thenlinear
aggregatesof productsof orbital andspineigenfunctionscomeinto consideration.

Eigenfunctionsof thetotal systemshouldbeantisymmetricwith respectto theelectrons.
Let us start from an unperturbedsystemin which the spin-orbitalinteractionis taken to
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vanish,andin thissystemcountthepositionsof thespinsrelativeto anarbitrarilyselected
direction. Now, the spin orbital interactionenergy will be considereda perturbationthat
determinesthe secularoscillationof the spinsrelative to the time averageof the orbital
motion.Thisperturbationenergy is a symmetricfunctionof theelectrons.Theinteraction
of a particularelectronandall otherelectronsandtheir spinsdependson the orientation
of thesespinsrelative to the orientationof all otherelectrons’orbital positionsand the
orientationsof their spins. Becauseof the antisymmetryof the total wave functions,all
electronsexecutethe same“motion” (in variousphases);thus the averageperturbation
energy candependonly on: theorientationof thespinrelative to anaverageorbitalaxis—
in atomsthis canbe only the directionsof the total electronicmomentum,in two-atom
moleculesonecouldconsidertheline joining thenuclei—,andsecondlyfrom therelative
orientationsof the spins. To first impressions,it might seemthat the final orientationof
the spinsdependson the pairwiseaverageperturbationenergy. This is not so, however.
Ratherthe angularmomentumof the spins,si , dependson a quantizedmomentums in
the usualstructurerules, that is, with only “parallel” or “antiparallel” orientations. To
get insight here,let us considera simplemechanicalexample: Insteadof an interaction
dependanton the directionof the total electronicmomentum,l , let us introduceanother
forcecomprisedof two parts,onecorrespondingto anexternalforce,andtheotheramong
the spins,but dependantonly on their relative orientation. Although the Hamiltonianof
this systemconsistsof two terms,onefor eachof the interactions,theHamiltonianof the
perturbedsystemis not so composed.The electroninteractionwith the averageorbital
motioncorrespondsto whatwe have attributedto theexternalforce;but, theaveragespin
interactionstill dependson the relative orientationsof the electrons’spinsto the axis l .
Onecaneasilysee,thatin thecasein which theabove two interactionsareadditive, if the
assertionaboveabouttheaggregationof si is correct,thenit is correctin general.

Let usnow considerthequantummechanicaltreatmentof this case.
In the “unperturbed”systemin which electronicspin interactionis neglected,each

electronhastwo possibleorientationsrelative to others,as an axially symmetricforce
ms
�2� 1 � 2; for which therecorrespondstwo eigenfunctionsS4 � ξ4 
 , that for the sake of

simplicity we shall denoteα and β. The numberof the electronsto which thesefunc-
tions belong, that is, from which thesevariablesare dependant,is given by an index:
α1 � α2 �����	� αn;β1 � β2 �����	� βn. In the unperturbedsystemtherearedegeneraciesinsofar asall
stateshave thesameenergy thatbelongsto a givenvalueof ∑ms, i.e., to a particulartotal
momentumabouttheaxisof theexterior field; now for a givennumberof electronsn, the
statewith theeigenfunctionsα andβ is givenby m � ∑ms and

(23) nα
� nβ

� n � 1
2

�
nα � nβ 
 � m�

For valuess � 1� 2 theseconsiderationscannotbe carriedout. Themultiplet structure of
of complex spectra is linked to the specialvalues � 1� 2. Theexterior force imposedno
other requirementon the unperturbedproblemthan that ∑nms

� m shall be quantized,
andthat this requirementnot comeinto conflict by giving excessive spin interactionen-
ergy. Contrariwise: the actualdistribution of systemsof equalenergy—n! � � nα!nβ! 
 in
number—into systemsof differentenergy on thebasisof vanishinglysmallmutualinter-
actionfollowsquiteindependentof exterior forces,i.e., it correspondsto theparallel-and
antiparallelorientationsof thespins.

Thejustmentioneddegeneracy for vanishinginteractionis completelyanalogousto the
degeneracy in §2.2andthereforecanbedenotedasaresonance.Theoscillationfrequency
correspondingto this resonanceis the simpleprecessionfrequency of the spin vectorsi
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abouttheaxiss of thetotal angularmomentumof theelectrons.Oneshouldnot associate
acomplicatedexchangemotionof theelectronswith thisnotionof resonance.

For the actualcalculationof theeigenfunctionsto which the multipletsbelongcertain
formulaspertain: The interactionenergy betweenany two of the electrons,1 and2 say,
will beamatrix,containingdiagonalelementsandtwo eachelementsthatcorrespondto the
exchangeof electrons.In otherwords:for two electronstherearefour states,characterized
by:

I II III IV

m1... 1
2

1
2 � 1

2 � 1
2

m2... � 1
2 � 1

2
1
2 � 1

2

Table3

Thematrixof theinteractionenergiescomprisesonly transitionsfor m � const� , asthey
dependonly on the relative directionfrom 1 to 2; that is, only transitionsfrom I I to I I I .
Further, HI � I � HIV � IV � a; HI I � I I � HI I I � I I � b; HI I I � I I � HI I � I I I � c. Thesethreeconstants
satisfytherelation:

(24) a � b � c �
This is easilyseento besofrom thetreatmentof theproblemwith two electrons.Thetotal
energy of the system,W, (given that external forcesareneglected)is in the statem � 1
(that is: m1

� m2
� 1� 2) obviously HI � I � a (eigenfunctionα1α2), likewise in the state

m � � 1 (m1
� m2

� � 1� 2) HIV � IV � a (eigenfunctionβ1β2). In thestatem � 0 thereis a
degeneracy, thatleadsto theequationdiscussedin ref. [1], namely:

W � S
� 1HS �

andto thedeterminate

(25)

//// W � HI I � I I � HI I � I I I� HI I I � I I W � HI I I � I I I
//// � 0 �

Whichgives: �
W � b
 2 � c2 � W � b � c � andW � b � c �

The statecharacterizedby W � b � c has the eigenfunction1 � � 2
�
α1β2

� α2β1 
 ; it is
symmetricin electrons1 and2 andbelongsthereforeto the triplet system. W � b � c
belongsto the eigenfunction1� � 2

�
α1β2 � α2β1 
 andconstitutesthe singletsystem.So

longastherearenoexternalforcesactingon thespins,thethreestatesin thetriplet system
have the sameenergy, that is a � b � c. In the following calculationswe shall always
expressb in termsof a andc.

Threeinteractingelectronicspinsin anexternalforcefield provide a goodexampleof
theapplicationof theseprinciples.Thereis onestatewithout a degeneracy, i.e.,m � 3� 2.
Let Kα denotetheeffect on theenergy from theexternalforcewhenms

� � 1� 2, andKβ
whenms

� � 1� 2. Thus,whenm � 3� 2, this energy differential is given by 3Kα
� 3a,

for which the eigenfunctionis α1α2α3. For the statewith m � 1 � 2 then,thereis a triple
degeneracy with threeeigenfunctions:α1α2β3 � α3α2β1 � α2α3β1, all pertainingto thesame
energy. This energy, which arisesfrom the external force, equals2Kα

� Kβ. If one lets
W � 2Kα � Kβ � a � 2b � W � 2Kα � Kβ � 3a � 2c bedenotedby X, thenonearrivesat the
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determinate �
123
�
231
�
312


////// X � c � c� c X � c� c � c X

////// �
Thesolutionsare:

(26)
X1
� 2c � eigenfunction δ1

� 1� � 3
�
α1α2β3

� α2α3β1
� α3α1β2 
 �

X2
� X3

� � c eigenfunctions δε
� 1� � 3

�
α1α2β3

� εα2α3β1
� ε2α3α1β2 
 �

whereε is oneor thetwo primitiverootsof theequation:ε2 � 1. Now, X1 hasaneigenfunc-
tion symmetricfor all electronsandthereforehasthesameterm-systemasfor thesolution
m � 3 � 2 andα1α2α3. In this casetheenergyW equals:

W � 2Kα
� Kβ

� 3a �
For vanishingexternalforce, this is theenergy of thestatem � 3 � 2. Thecalculationsfor
m � � 1 � 2 andm � � 3 � 2 areanalogousto thosefor m � 1 � 2 andm � 3 � 2, andfor which
wegetthefollowing table

Table(4) Quartetsystem Two Doubletsystems

m � 3� 2
m � 1� 2
m � � 1� 2
m � � 3� 2 W � 3a �43556 557

3Kα
2Kα

� Kβ
Kα
� 2Kβ

3Kβ

W � 3a � 3c � + 2Kα
� Kβ

Kα
� 2Kβ

Table4

Betweenthe two doubletsystemsthereis a degeneracy, in so far as they belongto
thesameenergy value. Theseparationinto δε-systems,i.e., into quartetsanddoublets,is
completelyanalogousto division into Γ systemsin Table1. Quartetsanddoubletsdo not
combinewith eachother.

The calculationof the spin eigenfunctionsandtheir multiplet structurefor morethan
threeelectronsis bestachieved using the methodsof §2.2—Thenumberof the various
multipletsfor n electronscanbedeterminedeasilyby theusualstructurerules.Thenumber
of termsfor a givenvalueof m, perEq. (23),equals:

(27)
n!

nα!nβ!
� n!� n2 � m� ! � n2 � m� ! �

Thatis, it is alwaystrue:

(28)
n!� n2 � m� ! � n2 � m� ! n!� n2 � m � 1� ! � n2 � m � 1� ! � n!

�
2m � 1
� n2 � m � 1� ! � n2 � m� ! �

Multiplets have multiplicity 2m, wherem is a multiple of 1 � 2, anddependson whether
n � 2 is thesamemultipleof 1� 2. Variousmultipletsof thesamemultiplicity havethesame
energy solong asthecenterof gravity for theelectronsis fixed.

In anatom,theelectromagnets(spins)do not orientethemselvesin relationto external
forces,ratherin relation to the total angularmomentum,l , of all the electrons.Should
an atom be subjectedto a strongexternal magneticfield—we are consideringhere,for
example,the PASCHEN-BACK effect—, thenthemagnets(spins)do orient themselvesin
relationto this externalfield. In this extremecase,theeigenfunctionsof thewholeatom
canbeexpressedasproducts,or sumsof products,of electronorbital eigenfunctionsand
their spineigenfunctions.
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We would like to specifyherethecompletetermchartincludingthespinsfor thethree
electronproblem.Thatis, thesolutionsfrom §2.2,Table1 (p. 8) shouldbecombinedwith
thesolutionsfrom thisSection,Eqs.(26),sothatthetotal solutionis antisymmetric.

Table(5) Energy Eigenfunction

No equivalent
electrons� i � e�	�
m� p � l all different

Quartetsystem
W � A � B � C � D
1 � Doubletsystem
W � A � R
2 � Doubletsystem
W � A � R

δI � � 2
�
γI
1 � γI I

1 

1� 2 ) δε

�
e
� iϕγI

ε2 � eiϕγI I
ε2 
� δε2

�
eiϕγI

ε � e
� iϕγI I

ε 
8*
1� 2 ) δε

�
e
� iϕγI

ε2
� eiϕγI I

ε2 
� δε2
�
eiϕγI

ε
� e
� iϕγI I

ε 
8*
Two equivalent
electronsi � e�	�
l � m

Doubletsystem
W � A � B

10
2
) δεγε2 � δε2γε *

Table5

The interactionof thespinswasneglectedin theseenergy values.Thesameconsider-
ationscanbeappliedto all atomsfor which all electrons,up to three,arefoundin closed
groups.Theeigenfunctionsof the total systemarenot products,rathersumsof products
of eigenfunctionsfrom §2.2andEq. (26). This occursalwayswhenevereigenfunctionsof
differentsystems,Γ, yield thesameenergy values.

To fostera comparisonof Table5 with empiricalobservations,we noteto begin, that
the variousmultiplets in the term diagramsdiffer on the scaleof the resonanceinterac-
tions.Thetermwith thehighestmultiplicity hasthelowestvalue,asthequantitiesB � C � D,
are,asin the theoryof the helium spectrum(see: ([1]), p. 508), arein generalpositive.
Empirically it is seenthat generallythe term with the highestmultiplicity, given equal
quantumnumbers,hasthe lowestvalue,a fact that heretoo is evident. This is so asthe
term with the highestmultiplicity correspondsto symmetriceigenfunctionsof all spins,
if the eigenfunctionsl � m������� p aredifferent. (For the maximalvaluem � n� 2, the only
associatedeigenfunctionis α1 � α2 ������� αn.) Thereforethey mustbethesphericallysymmet-
ric electroneigenfunctionswhich areto be multiplied by the spin eigenfunctionsto give
theneededantisymmetrictotal eigenfunctions.Their correspondingenergy valuesalways
containtheresonancecontribution with a minussign(See:[1], Eq. (19), andis therefore
smallerthatall otherenergy values.If someelectronsareboundinto isolatedgroups,the
above considerationsstill pertain,so long asresonancewith the completedshellscanbe
neglected.

With respectto Table5, note,that—analogousto theHeliumproblem—withinanatom,
in theendcombinationsbetweendoubletandquarticsystemsarisewith arelativestrength,
which correspondsto therelative separationof thevariousmultiplets.On theotherhand,
thevariousdoubletsystemscombinewith eachotherwith normalintensities.

§2.4. In the previous Sectionswe have treatedthe motion of the centerof gravity of
the electronsseparatefrom that of the spins,andgot the total solutionasa combination
of both. In orderto studythis problemfrom all sides,we shall reversethis procedureand
begin with anatomwith spinningelectrons.

We take it that thereis a strongexternalfield, andthat the interactionsbetweenelec-
tronscanbeneglected.In this caseeachelectronseparatelycanbeconsideredto be in a
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stationarystate.As thespininteractionwith theorbitalmotionis negligible, theeigenfunc-
tions canbe expressedaccordingto Eq. (6) asproducts.Again we considerthe indeces
l � m�������9� p aspertainingto theorbitalmotionsandα � β to thespin.Thetotalwavefunction,
then,canbedesignated,e.g.,l1α1. If theinteractionof thespinwith theorbital motionis
large,thensucha productis not possibleandweusefor this casethedesignation:lα

1 .
In this casetheunperturbedsystemis not degenerate;theantisymmetriceigenfunction

servingasthesolutionis givenby its determinate:

(29)

///////////
lα
1 mα

1
'�'�' pβ

1

lα
2 mα

2
'�'�' pβ

2'�'�':'�'�';'�'�'<'�'�''�'�':'�'�';'�'�'<'�'�'
lα
n mα

n
'�'�' pβ

n

/////////// �
As shorthandfor this determinant,let ususethesymbol

lα mα '�'�' pβ

1
2
...
n

//////// '�'�' '�'�' '�'�' '�'�'
//////// �

If, however, spininteractioncanbeneglectedin comparisonwith electronorbitalenergy
(thatis, theseparationwithin amultiplet is smallwith respectto theseparationbetweenthe
multiplets),thentheunperturbedsystemis degenerateevenin thepresenceof anarbitrarily
largeexternalforce.Thatis, onecanarbitrarilydistributethe“α” and“β” statesof thespin
amongthe orbital eigenfunctionsl � m�������8� p. In otherwords,therearisesthe degeneracy
describedin §2.3,which resultsin theseparationof the multiplets. If the eigenfunctions
l � m�������9� p areall different,thenthenumberof determinantsbelongingto thesameenergy
of theunperturbedproblemis givenby Eq. (23)andthenumberof multipletsby Eq. (28).
If two of themareidentical,saythefirst two, thedeterminants:

lα lα '�'�' pβ

1
2
...
n

//////// '�'�' '�'�' '�'�' '�'�'
//////// and

lβ lβ '�'�' pβ

1
2
...
n

//////// '�'�' '�'�' '�'�' '�'�'
////////

arezeroidentically, andtheothertwo determinants:

lα lβ '�'�' pβ

1
2
...
n

//////// '�'�' '�'�' '�'�' '�'�'
//////// and

lβ lα '�'�' pβ

1
2
...
n

//////// '�'�' '�'�' '�'�' '�'�'
////////

areidenticalup to a sign. To eachof two identicalorbital eigenfunctions,a distinct spin
eigenfunction,i.e., either α or β, must be attached;that is, “equivalent orbits” do not
occur. Thenumberof thepossiblemultipletsis equalthe numberfor n � 2a spinsin the
senseof §2.3,wherea is thenumberof pairswith identicall � m�������8� p. More thantwo each
eigenfunctionswith thesamel � m������� p do not occur.
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For thecalculationsin §2.3the initial assumptionwasthat theseparationbetweenthe
differentmultipletsresultedfrom small spin interactions.Multiplets with identicalmulti-
plicity hadthesameenergy. Now theseparationsbetweenthemultipletsaredeterminedat
theoutsetby the interactionof theelectrons.—Therestof thecalculationdependson the
particularcircumstancesof theatomsunderconsideration.

Hereit is usefulto startwith aparticulartermfor anatomandto studywhichstateof the
wholesystemarisesif in this termthereis anelectronin agivenorbit. Suchconsiderations
leadto thefollowing calculation:

Theinitial systemhasn � 1 electronsandtheantisymmetriceigenfunction

(30) U
�
1 � 2 ��������� n � 1
 �

Degeneraciesarelifted by actionof externalfields. This functionbelongsto a particular
valuew � ∑nms in thesensedescribedin §2.3.Weconsiderhereapositivevaluefor m, as
thereis alwaysanotherstationarystatewith theeigenfunctionW thatbelongsto thevalue
∑nms

� m � 1, andwhich, for vanishingmultiplet splitting andvanishingexternalforces,
hasthesameenergy, i.e.,belongsto thesamemultiplet.

At thispointanelectronwith theeigenfunctionkβ
n is insertedinto theproblem.Solong

asthe interactionof this electronwith atomis very small, therewould beno degeneracy.
The(antisymmetric!)eigenfunctionfor thewholesystemis:

(31)
1� n
) U � 1 � 2 �������=� n � l 
 kβ

n
� � � 1
 nU � 2 � 3 ������� n
 kβ

1
� � � 1
 2nU

�
3 � 4 �������=� n � 1
 kβ

2
�>'�'�' * �

Whenthemultiplet splitting canbeconsideredsmall in comparisonto the interactionen-
ergy, degeneracy will resultandtheeigenfunction:
(32)

1� n
) W � 1 � 2 �������9� n � l 
 kα

n
� � � 1
 nW � 2 � 3 ������� n
 kα

1
� � � 1
 2nW

�
3 � 4 ��������� n � 1
 kα

2
�('�'�' * �

will belongto thesameenergy astheunperturbedsystem.
Resolutionof theperturbationproblemleadsto asimpletwo memberdeterminant,from

which theenergy splitting is easilydeterminedif U andW aregiven.Theenergy splitting
correspondsin large measureto a resonanceof the electronswith the original atom. Si-
multaneouslyoneof the two termsis a memberof a multiplet of multiplicity r � 1, the
otherbelongsto a multiplet of multiplicity r � 1, if the termof the initial systembelongs
to multiplet of multiplicity r �

Eqs. (31) and (32) indicatethe situationof the multiplets in an atom in a relatively
simplemannerif thestructure(andtherelevanteigenfunctions)of thepreceedingatom(or
ion) in theperiodicchartis known.

The considerationspresentedhereinshouldgive a generaloverview of the physical
problemandthe mathematicalmethodsfor solutionfor atomswith many electrons.Per-
hapsthe schemegiven hereis still insufficiently general. But, I wish to emphasize,the
following resultsmay be considerfully reliable:: the division of all spectrainto multi-
plets,splitting by effect of interactionbetweenspin andorbit (CosineLaw and interval
proportions!);separationof thevariousmultipletsfor thesameelectronquantumnumber
dependingon theresonanceinteraction;the termsystemfor vanishingmultiplet splitting
comprises,asin Helium,noncombinablesubsystems.

3. THE RESONANCE EFFECT IN THE THEORY OF SPECTRAL BANDS

In this theoryof bandspectra,in contrastthe old theory, QuantumMechanicsintro-
ducesa substantialdifferenceonly in so far asoscillationandrotationquantumnumbers
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takeonhalf integervalues[19](For exactquantummechanicalcalculations,see:[20–24]).
Although,this resultis sufficient to representa largecollectionof observedbandspectra,
therearestill othersfor which it is insufficient.

In many bandsa intensityvariationis observedsuchthatsuccessivelinesof arotational
bandalternatelyappearstrongandweak, in someotherbandsevery other line is absent
altogether[25,26]. This empiricalfact,asis known, hasbeentheoccasionof a represen-
tation of thesebandsin termsof a quarterquantumnumber. No matterhow well sucha
schemehassucceeded[27],it contradictsthecorrespondenceprinciplefor which achange
in therotationquantumnumberis givenby p ? p � 1 � 2. Theseanomalousbandsareob-
servedonly for two atommoleculeswith identicalnuclei7. Thus,it is reasonableto relate
theintensityvariationwith aresonancebetweenthenuclei8, astudyof whichweundertake
below.

The eigenfunctionfor the whole moleculeis comprisedof the productof four eigen-
functions,of which thefirst is for theelectronorbital motions,thesecondfor thenuclear
oscillations,thethird for motionof thecenterof gravity andthefourthfor nuclearrotation.
Again, the termsaredivided into two systems,oneof which constituteseigenfunctions
symmetricin thecoordinates,theotherchangessignunderexchangeof nuclei.HUND[31]
gives thoroughanalysisof the first factorof theseeigenfunctionswhich belongsto the
electronorbital motion in molecules.Fromhis work we conclude,that,disregardingde-
generacies,the electronfunctionsare always either symmetricor antisymmetricin the
coordinatesof the nuclei. The oscillation eigenfunctionis—insofar as it dependson a
singlevariable:thedistancefrom thenucleus—certainlysymmetricin thecoordinatesof
the nucleus.Likewise, the eigenfunctionfor translationof the centerof gravity surelyis
symmetricin thecoordinatesof thenucleus.As the independentvariablefrom which the
eigenfunctionsfor rotationof themoleculedepend,let uschosetheanglew abouttheaxis
of theangularmomentump of thenucleus,thatis, theanglethattheline connectingthenu-
clei makeswith thenodeline—hereafixedline in theplanein which themoleculerotates.
Theangularmomentump is a wholenumber, theenergy is proportionalto

�
p � 1 � 2
 2 up

to an additive constant. The eigenfunctionbelongingto a particularvalueof p, is then
(unnormalized):

(33) ei pw �
Exchangingthenuclei thenimplieschangingw by anamountπ. Thus,all rotationfunc-
tions,Eq. (33) for evennumberp’saresymmetricandfor oddp’santisymmetricin theco-
ordinatesof thenuclei.Suchconsiderationscanalsobecarriedoutwith SCHRÖDINGER’s
wave functions,thatis with thepolaranglesϑ � ϕ, but, thecalculationsareabit morecom-
plicated.Finally, we obtainthefollowing termsystem:

A. Symmetricsystem B. Antisymmetricsystem

Symmetriceigenfunctions
andp � 0 � 2 � 4 ������� Symmetriceigenfunctions

andp � 1 � 3 � 5 �������
Antisymmetriceigenfunctions

andp � 1 � 3 � 5 ������� Antisymmetriceigenfunction
andp � 0 � 2 � 4 �������

7MECKE[28] andSLATER[29] haveassumedthattheintensityvariationrelatesto thesymmetryof thenuclei.
Both of their considerationsdiffer substantiallyfrom ours. SLATER’sargumentsagreewith ourswith respectto
thecorrespondenceprinciple.

8Seealso: [30].
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This introductioncorrespondsto thedistributionof termsfor Helium into thepara-and
ortho-heliumsystems.

The bandsystemsthatarisefrom combinationsof thesetermsaredistinguishedfrom
the usualbandsystemsby the following characteristics.Thereis for a particularelec-
tron transitiononly either a null branch(p ? p
 , or a P � and Q-branch(p ? p � 1).
The first of theseis the casewhen the electrontransitionis betweentermsof the same
type (i.e., symmetric@ symmetric,or antisymmetric@ antisymmetric),the secondoccurs
betweendissimilartypes(symmetric@ antisymmetric).

Hereaftertherearevariouscasesto distinguishamong.To begin, let ustake it, that the
nucleiaresphericallysymmetric,i.e.,beyondthedegreesof freedomconsideredhere,there
areno others,suchas,say, aneigenrotation.Thentheabove two systemsdo not combine
in any way, sothatonemustconsider, in analogyto electronandlight quantastatistics,that
only oneof the two term systemsoccursin nature. In the first instance,onewould tend
to considerthe antisymmetricsystemB in order to completethe analogywith electron
statistics.Onecannotbecertain,however, andin thefollowing considerationsit will turn
out not to matterwhich systemis selected.If only oneof the two systemsis available,
thentherewill ariserotationbandsby causeof combinationssuchthatevery otherline is
absent. If, for example,the antisymmetricsystemgivesthe final solution, then thereis
for a transitionfrom symmetricto symmetricelectronfunctionsonly a null branchfor the
transitions:5 ? 5, 3 ? 3 and1 ? 1. Similaritiesareseenin thebandsfor helium(atomic
weight4) andoxygen(atomicweight16),andthesenucleiseemparticularlystable,closed
structuresandhavenoeigenrotation.Theexclusionof oneof thetwo solutions,thatis, the
reductionof the statisticalweight by a factorof 2, playsa role, asis well known, in the
derivationof statisticalchemicalconstantsfor diatomicmolecules.

As a further example, let us consider, that the two nuclei of the moleculeof inter-
esthave an eigenrotation,similar to two electrons,andof the sizes � 1� 2, andthat the
systemis antisymmetric.For this casethe term systemgiven above given is fully anal-
ogousto that of the helium atom9. Both systems,i.e., the para-andortho-systemarise;
and,they exhibit very weakinteractions. In systemA the nuclearspinsareantiparallel,
in B, parallel. All termsin systemB have, therefore,statisticalweight 3, while those
of A, have statisticalweight 1. In a particularband—thenull branch,say, which be-
longs to electron[orbital] transitionssymmetric@ symmetric—alllines occur; the lines
for ������� 5 ? 5 � 3 ? 3 � and1 ? 1 arethreetimesasintensive (all otherfactors,temper-
aturesay, that affect intensitybeingequal),asthe lines ������� 4 ? 4 � 2 ? 2 � and � 0 ? 0.
If the angularmomentumis larger than1� 2, thenthe relationshipbetweenthe statistical
weightsapproachesunity.

Examplesof suchanintensityvariationhavebeenseento appearin N A2 , andmaybealso
for H2[32]. It is satisfying,thatthenitrogennucleus(3 Heliumnuclei+ 2 hydrogennuclei
+ 1 electron)andthehydrogennucleusall posseseigenrotation.

A ratherdifferentsortof intensityvariationarisesif thenucleihave no furtherdegrees
of freedom,but still variousisotopes,that is, varioustypesof nuclei with the sametotal
charge.In this caseall molecules,within which thenucleiaredistinguishable,would have
theusualspectraof emissions,whereasall othermoleculesshouldhave the typeof band
structurediscussedabove, for which every other line is absent.The total spectrumthen
would be a mixture of thesetwo variants. Such,however, seemsexperimentallyunob-
served.

9I thankF. HUND for bringingthis to my attention.
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The considerationsdescribedhereinaspresentedin §2.2could be extendedeasily to
moleculeswith identicalnuclei. Sucha study, becauseof the diversity of experimental
results,is initially only of theoreticalinterest.But asthereis for themoleculesconsidered
§2.2rathermorecomprehensiblesubstitutiongroupswith concretemeaning,a specialex-
amplewill workedout here.

We considera tricotomicmolecule,consistingof threeidentical
atoms,arrangedasanisoscelestriangle(SeeFig. 1).

The eigenfunctionsfor translationand oscillationsare always
symmetricin the nuclei; we considerfirst only the rotation in the
planeof the triangle. Let the momentumbe p andthe eigenfunc-
tion belongingto it is againei pω, if ω, asabove,denotestheangle
aboutthe axis of p. Theremustbe now, accordingto §2.2, three
noncombinabletermsystems:Γ1 � Γε � Γε2 (ε � c2πi B 3 ) which have
thecharacteristic,thattheeigenfunctionsaremultipliedwith 1, possiblyε2, if theseeigen-
functionsaresubjectedto thesubstitutionS

�
1 2 3
 .

Thecyclical substitution(123) signifiesnow arotationof themoleculesof 2π � 3, thatis
anincreasein ω of 2π � 3. Moreover, therearestatesof themoleculefor whichthesequence
of the nuclei on the circle in Fig. 1 is not 1 2 3, but 1 3 2. The substitution(1 3 2) here
signifiesa rotationof 4π � 3. In additionthebandtermsin this permutationcanbedivided
into threesystemsΓ1 � Γε � Γε2 from which in full analogyto Table1 (p. 8):

Γ1 Γε Γε2

Order1 2 3
p C 0

�
mod3
 Order1 2 3

p C 1
�
mod3
 Order1 2 3

p C 2
�
mod3


Order1 3 2
p C 0

�
mod3
 Order1 3 2

p C 2
�
mod3
 Order1 3 2

p C 1
�
mod3


Table6

As in Table2 (p. 8), eachterm of Γε hasthe sameenergy, asdo the termsin Γε2; the
energy10 is proportionalto p2. If thenucleiasa systemof pointsis symmetric,andonly
the symmetric(or antisymmetric)solutionsremain,thenonly oneterm in the systemΓ1

remainsandin therotationspectrumonly everythird line appears,theothertwo arealways
absent.For otherdegreesof freedomof thenucleicorrespondingintensityvariationsarise.

Fromtheseconsiderationsnothingsubstantialis changed,if generalrotationsof thetri-
anglemoleculearetaken into account.Theangleω remainsa cylindrical coordinateand
p remainsconstant.Anotherquantumrotationnumberis added,representingthe whole
angularmomentum,thecorrespondingbandsoverlaythoseconsideredabovewithout dis-
tortion.

Theabovecalculationsalwaysconcerneda resonanceof thenuclei,this is justifiedfor
the sake of the analogyto the considerationsof §2.2. But oneshouldnot imaginethat
resonanceimpliescomplex oscillatoryphenomena,thenucleifollow identicalorbits(with
differentphases)andchangeplaceswith a distinctfrequency. They do sosimply by cause
of rotation and the resonancefrequency is just the rotation rate. Theseconsiderations
provide an explanationfor a paradox,that can be problematicfor the understandingof
termdistributions.At first it seemsremarkable,thatalso(for pointwisesymmetricnuclei)
within theantisymmetricsystem,sothatnoequivalentorbitscanarise,thatsimplerotations

10Comparewith ref. [22].
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arepossible,for which obviously the nuclei follow “equivalent” orbits. The solution to
this puzzleis to be found in the fact, that the expression“equivalentorbits” is defined
above only for the marginal caseof vanishinginteraction. If the nucleusis boundby
anexterior forceontoa particularpoint andthenreleasedadiabatically, the rotationwith
antisymmetriceigenfunctionscertainly doesnot go over to “equivalent orbits” of both
nuclei.—Theselectionhereof antisymmetricsystemson the basisof a prohibition for
equivalentorbitscannotbeeffortlesslyreplaced.

Empiricalproof of theseideasthusfar hasbeenfoundonly for dichotomicmolecules.
Onemay hopethatan examinationof this empiricalmaterialwill leadto importantcon-
clusionsfrom thepointof view of nuclearresonance.
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